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ON THE SINGULAR CARDINALS
PROBLEM 1

BY
MENACHEM MAGIDOR’

ABSTRACT

We show how to get a model of set theory in which N, is a strong limit cardinal
which violates the generalized continuum hypothesis. Generalizations to other
cardinals are also given.

§0. Introduction

The singular cardinals problem is a direct descendent of the generalized
continuum problem, namely: Given the cardinality of the set A, what is the
cardinality of the power set of A (P(A) is the power set of A, | P(A)|=2"! where
| A | is the cardinality of A ). The Generalized Continuum Hypothesis (G.C.H.) is
the statement which asserts that 2'*! is always | A |* where |A |* is the cardinal
which is the immediate successor of [A |.

It is well known that the accepted system of axioms for set theory does not
settle this problem ([2]). Thus the power set of the set of natural numbers, for
instance, can have different cardinalities according to the particular model which
we happen to consider. Similar results can be derived about larger sets.

Naturally one wonders whether, given such freedom for deciding what is the
cardinality of the power set, there are nontrivial theorems about the relation
between | A | and 2'*' or there are no deep facts about this relation which follow
from the axioms. By classical methods the following theorems were known:

1) If|A|=|B| then2*'=2".
(I1) The cofinality of 2'*' is greater than | A |.

For definitions of “cofinality” and ‘‘singular cardinal” see §1. (IT) is Konig’s
Inequality. Cantor’s Theorem, i.e. 2*'>| A |, follows from (II).
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(Bukovsky [1]) If a is a singular cardinal and for some A and
(L) v<a, y<PB<aimplies that 2° = X then 2° = \.
See also Jech [7] for more facts about powers of singular cardinals.

Easton [4] showed that in some sense (I) and (II) are all the facts we can prove
in the Zermelo-Fraenkel set theory (ZFC) about 2* provided we restrict our
attention to regular cardinals. Roughly his result can be stated as follows. Every
function F defined on the regular cardinals such that F is non-decreasing and for
every a the cofinality of F(a) is greater than a (i.e. F satisfies (I} and (II)) is a
possible candidate for being the function « —2° i.e., there is a model of set
theory in which 2* = F(a) holds for all regular cardinals.

What happens in the models constructed by Easton to powers of singular
cardinals? If « is a regular cardinal then in the Easton model 2* is the minimal
cardinal for which (I), (I) are not violated. Thus for instance, if 2" <N, for
every n < w then in the Easton model 2" = N,,.,. If 2"» = N, ., then 2" =
N..o+1. (Note that 2" = R, is ruled out by (II).) Exactly the same behaviour of
powers of singular cardinals occurs in another case. A theorem of Solovay ([24])
asserts that if « is a singular cardinal which is above a strongly compact cardinal
then 2° is again the minimal cardinal 8 such that “2* = 8" is consistent with (I},
(II). For the definition of ““super compact cardinal” which is a stronger concept
than “strongly compact”, see §1.

These two cases could have created the suspicion that this behaviour is a
theorem of ZFC and hence there is no singular cardinal problem, but Solovay’s
Theorem was discovered, it was after the combined construction of Prikry [16]
and Silver [22] indicated that is not a theorem of ZFC. Silver described a method
for getting a model in which some measurable cardinal violates the G.C.H.
Prikry gives a forcing notion which changes the cofinality of a measurable
cardinal to w without collapsing any cardinals or changing the function a — 2°.
Hence we get a model which a singular cardinal of cofinality e satisfies 2* > a ™,
while @ is a strong limit cardinal, i.e., for B < a 2* < a. Note that for strong limit
@, the minimum value for 2% which is consistent with (I), (II) and (III) is a*.

The cardinal obtained by the Prikry-Silver construction is rather large (though
singular) and is greater than each one of K., K., the first @ such that a = N,, etc.
The question whether similar results can be obtained for more down to earth
singular cardinals (like 8., N,,.., N.,,, etc.) poses itself, and this paper gives some
information about it. Probably a more interesting and important problem is
raised by the well known fact (due to Scott [19]) that if a measurable cardinal
violates the Generalized Continuum Hypothesis, then there are many smaller
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cardinals which violate G.C.H. Hence when we apply the Prikry-Silver construc-
tion, the singular cardinal we get has many cardinals below it which violates
G.C.H. The question is whether this can be avoided, namely, can a singular
cardinal be the first cardinal which violates G.C.H.? Compare this problem with
the similar problem for regular cardinals, where by Easton’s results “any”
regular cardinal can be the first which violates G.C.H. (“any” here means
definable in some way which is absolute for a certain class of Cohen extensions.
Of course the “second regular cardinal which violates G.C.H.” cannot be the
first).

Silver’s surprising result ([22]) shows that the answer to our problem is “No”
for singular cardinals of cofinality greater than w. In a forthcoming paper ([13])
we shall address ourselves to this problem for cardinals of cofinality @ and show
that the answer can be “Yes” even for the least singular cardinal of cofinality e,
i.e., N.. In both papers we assume the consistency of the existence of some very
large cardinals, in this paper we assume the consistency of the existence of a
supercompact cardinal and in [13] even the stronger assumption of the consis-
tency of the existence of a huge cardinal. (This difference in the assumptions, as
well as some difference in methods and the fact that here we can generalize the
results to cardinals of cofinality greater than w, whereas in [13], in view of
Silver’s Theorem, no such generalization is possible, are the main reasons for
separating the two papers.) These strong infinity assumptions are necessary, at
least to a certain extent as follows from the following important results of Jensen
[3]. If the axiom “Va (a is real — 3a™)” (which is related to strong cardinal
assumptions and is inconsistent if, for instance, the existence of ineffable
cardinals is inconsistent) fails then for every singular a, 2° is simply the minimal
value consistent with (I), (II). The assumption (a is real —» Va Ja™) is still much
weaker than the existence of measurable or super compact cardinals, but a
recent result by Jensen and Dodd is that the gap can be narrowed and if for some
singular e, 2% is not the minimal value possible, then there exists an inner model
with a measurable cardinal. Thus large cardinals, having order of magnitude of
measurable cardinals, are probably necessary for getting the results of this paper.

We are ready for the statement of our results, assuming the consistency of the
existence of a super compact cardinal (actually for any particular case a weaker
assumption is sufficient).

THEOREM 1. (a) Let k be a natural number. There is a model of ZFC in which
2 <R, for n < w and 2% = R,
(b) There is a model of ZFC in which 2" <R, forn < w and 2" = 8,1
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Some remarks about the behaviour of the function n — 2" for n < w, in the
models we construct in the proof of Theorem 1. The model constructed in the
proof of Theorem 1 (a) satisfies:

2% = N, M = N, 2% = M= . DM = Noor,

». _ » Y — —
Mo = "2+k+1, 2M2rksr = PMrrkr2 = oo = ~2+k+1+k etc.

We also have some freedom and by slight changes in the proof we can have for
different f’s a particular mode! which satisfies the conclusions of Theorem 1 (a)
and 2" = 8. For instance, we can prescribe the value of 2" for finitely many
n’s, provided we conform to requirements (I), (II) and Vn (2" <N,). But we
must have an infinite set of n’s such that 2"» = N,..,. If we wanted to get for
Theorem 1 (a) a model in which 2"» = N,.., for all n < w then the methods of [13]
are called for. Note that, trivially, above N, we have no commitment about the
value of 2* for regular a except that (I), (II) and (III) should be preserved.

Note also that we do not know how to get models with 2"~ arbitrarily large,
while keeping K., to be a strong limit cardinal. If instead of N, we had a regular
cardinal a, then a bound on 2* for 8 < a gives no bound on 2° For singular
cardinals of cofinality greater than w there is a bound as follows from the results
of Galvin and Hajnal ([5]). For instance, for K., it follows from [5] that if it is a
strong limit cardinal then 2"-: <Ngw,-. The following theorem (of which
Theorem 1 is a special case) shows how far we get with our methods for cardinals
of cofinality > w. Note that there is a wide gap from the Galvin—-Hajnal bound to
the maximum we get. For instance, it follows from the next theorem that we can
have models in which N, is a strong limit cardinal but 2"« is any successor
cardinal up to N et

In order to state the theorem in a more general setting, we need some
definitions. Let 8 be a limit ordinal. An additive partition of B is a non-
decreasing sequence of ordinals (§,|a <p) and an ordinal u such that
B=p+2,.,08, where u < and 8, < B for a <p, p is a limit cardinal. The
caliber of an additive partition of 8 is sup ({8, | @ < p)). y is good for B if y is a
successor ordinal such that vy is less or equal than the successor of the caliber of
some additive partition of B. For instance, for every limit ordinal, B, every finite
v is good for it since B can be expressed in the form n : p for some p. If B is a
regular cardinal then every successor ordinal =B +1 is good for B. For
B = w: + w, the maximal ordinal which is good for 8 w + 1, etc.

THEOREM 2. Let M be a countable model of ZFC such that
(a) ME « is a supercompact cardinal,
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(b) Mk B is a limit ordinal and B <k,

(c) ME vy is good for B.
Then there exists a Cohen extension of M, N in which R, is a strong limit cardinal
and 2" = Rg.,. Moreover if | B| < N5 we can assume then in N there are no new
subsets of B.

Again like in Theorem 1 we have some freedom to determine the values in N
of 2% for a < B, but this freedom is rather limited. In any case we can prescribe
the value of 2"= for a’s in a bounded set of successor ordinals provided we
preserve (I), (IT) and the fact that 8; should be a strong limit cardinal. Of course,
in this case we may have to give up the clause “‘in N there are no new subsets of
B”’. The reason we were interested in this requirement is because if, for instance,
in M, B is w,, N,,, 0, + ®’, 3 in the sense of M, etc. We want 8 to be w, N..,,
w + w®, w3 respectively in the sense of N.

Though Theorem 2 includes Theorem 1, for didactic reasons we shall give the
full details just for the proof of Theorem 1 (a), then describe the modification of
this proof needed for proving Theorem 1 (b), and finish by describing how to
modify the proof of Theorem 1 (b) to get Theorem 2. Just one of the possible
cases we can get by Theorem 2 is:

CoroLLarY 3. If in M, B is a regular cardinal, B <N, B <k where k is
supercompact in M, then for every successor y =3+ 1 there exists a Cohen
extension of M in which 2" = Rg.,, B is a strong limit cardinal and no new subsets
of B were introduced.

The structure of the paper is as follows: §1 introduces the notations and some
preliminaries used in the rest of the paper. §2 introduces the set of the forcing
conditions, using which we can get the Cohen extension which is a witness for
Theorem 1 (a). The basic technical lemma about this forcing notion is proved in
this section. In §3 we verify that this forcing notion does its intended job. In §§4
and 5 we indicate how to modify 8§82 and 3 in order to get Theorem 1 (b) and
Theorem 2 respectively.

A further corollary of Theorem 1 improves a result of Jech in {7}. The problem
is the relation between the gimel function, ie. a—NS™ and the power
function a — 2% Bukovsky in [1] proved that the power function can be
computed from the gimel function. Jech in [7] shows that the converse is false.
He produces two models of set theory having the same ordinals, cardinals and
power function, but for some cardinal « having cofinality Ny, k™ =« " in one
model and «" = «*" in the second model. The cardinal « is rather large and
cannot be easily defined. Theorem 1 helps us to get Jech’s counter example to
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more down to earth cardinals. Using the model we get by Theorem 1 (a) for
k =2 as a ground model for the usual Cohen extension blowing 2™ to N,,... It is
well known that this Cohen extension introduces no new countable subsets of
ordinals and since 2" = N, in the ground model no cardinals are collapsed and in
the extension 2" = R, and 2"« = N, ., for 0 < a = w. In the ground model (i.e. the
model supplied by Theorem 1) Ni*=N,., (N, is a strong limit cardinal and
2"» = R,.2), therefore since no new countable sequences of ordinals were
introduced by the extension Nie = N,,,, in the extension. We can also assume that
G.C.H. holds for cardinals greater than N..

On the other hand, if one applies the Easton construction to a ground model
satisfying G.C.H. and makes 2" = N,., without introducing new countable
sequences of ordinal we have in the extension 2% =N, 2" =N, for a = o,
G.C.H. holds above N, but R is N,,.; since in the ground model Ko = 2" =
N.... Hence in spite of the fact that the power function is the same in the two
models the gimel function is different and the counter example is the least
possible, namely N..

This remark solves a problem of Bukovsky [1].

§1. Notations and preliminaries

We assume acquaintance with basic set theory. Jech’s [6] is a very good
reference to our notations and terminology. We reserve the use of lower case
Greek letter, except 7 and y to ordinals. « is always a cardinal and i, j, |, n are
always natural numbers. For a set A, | A | is the cardinality of A. If A is a set of
ordinals, then otp (A) is the order type of A and sup A is U A. a” is the least
cardinal greater than a. a*” is defined by induction a™ =@, a***" = (a*®)"
and if § is a limit ordinal @ *® = sup{a*® | y < 8}. a” is the cardinality of the set
of all functions from B to a. a is strong limit if 2* < a for all B < a. 2£ (a to the
weak power ) is sup,<pga”. The cofinality of a (cof (a)) is the minimal ordinal 8
such that @ =sup A for some set A Ca and otp(A)=B. a is regular if
cof (a) = a, and singular otherwise; cof (a) is always regular. P(A) is the power
set of A, i.e., the set of all subsets of A. P.(A) is the set of all subsets of A of
cardinality less than «. Note that both P(A) and P.(A) are partially ordered by
the inclusion relation.

We assume to a very considerable extent that the reader has some experience
with forcing techniques. (For reference see either [6] or [20].) We differ from the
usual practice by understanding the partial order on the forcing notion to mean
that a larger condition gives more information about the eventual generic
extension of the universe. The ground model is ailways denoted by V' and we are
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not committing ourselves to assume that V is the whole universe and the
extension is a Boolean valued model or to assume that V is a countable model
and the extension is a two-valued model. The extension of V that we get by
forcing with 2 is always denoted by V[G] where G C P is a V generic filter
over ?. Every element of V[G] is a realization by G of some name of it that lies
in V. (In the Boolean valued version a name of a is any representative of the
equivalence class of a. In the two-valued version of [20] a name of a € V[G] is
any ¢ € V such that K; (c¢) = a where the function K is defined in [20].) The
forcing language is the language of set theory extended by the introduction of a
constant for every name in V. For every element a of V, we have the standard
name of a, d, which always realized as a. As a general practice we shall not
distinguish between the name of an element of V[G] and the element it denotes.
The forcing relation, denoted by I, is weak forcing.

If 7 is a forcing condition and ® a statement in the forcing language of the
form 3x (W(x) A x is an ordinal) then we say that 7 decides ® if = F ¥(a) for
some ordinal a.

If A is a set of ordinals such that, A € V[G] then V[A]is the minimal model
M of ZFC such that VC M C V[G]and A € M. If I is an automorphism of the
forcing set (as a partially ordered set) then I' naturally extends to the class of all
names (see {6] or [20]), so that:

k- ®(a:,---,a,) ifandonlyif I'mhk®(aiy,---,Ta,).

Moreover, if A is a set of ordinals in V[G], which has a name which is invariant
under I', then every element of V[A] has a name which is invariant under T.
Actually given a name for A, we can find for each element of V[A] a name
which is invariant under every automorphism which preserves the given name
for A.

Given a set A, an ultrafilter U on P.(A) is called normal if

(@) U is k complete (i.e., U is closed under intersections of less than «
members);

(b) For every a € A, the set {PEP.(A)|a€ P}EU,;

(c) Every choice function on P.(A) is almost constant with respect to U, i.e.,
if f is a function on P,(A) such that for P# & f(P) € P then there exists an
a € A such that {P | f(P)=a}€ U.

k is A-supercompact if there exists a normal ultrafilter on P.(A). k is
supercompact if it is A-supercompact for every A. Note that if « is A-
supercompact for some A such that x =|A| then k is measurable. The
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definitions of a normal ultrafilter on P.(A) and on supercompact cardinals were
introduced in [17]. See also [11] since [17] is still unpublished.

For P € P.(A), and a an ordinal @ = A define a(P) = otp(P N «a). As shown
in [17] (see also [11]), if one forms the ultrapower V>®/U where U is a normal
ultrafilter on P,(A), then it is well founded and for « = A the ordinal « is
represented in the ultrapower by P — «(P). From these remarks there easily
follows:

Lemma 1.1. Let U be a normal ultrafilter on P.(A) where A is some ordinal
k = A. Then

(@) {P€P.(A)|k(P)=PNk and it is an inaccessible cardinal} € U.

(b) If @ = is a cardinal (a regular cardinal) then {P € P,(A)| a(P) is a
cardinal (a regular cardinal)} € U.

(©) Ify<xkand a,B=A a'" =B then {PEP.(A)]| a(P)” = B(P)}E U.

(d) If a,B=A and either (i) 2* =B or (ii)) 2*<B or (iii) 2> B then
respectively

@) {PEP.M)|2P=pP)E,

(i) {PEP.(A)|2°P>B(P)EU,

(ii) {PE€ P.(A)|2*P<B(P)}E U.

If P, Q arein P(A)and P C Q then P is strongly included in Q, or Q strongly
includes P (P C Q) if P C Q and otp(P) <otp{(Q N «). Note that this relation
depends on «, but we shall not mention « since it will be constant in most
applications. If U is a normal ultrafilter on P.(A), then condition (c) in the
definition of normality implies a seemingly stronger condition:

Let F be a function from P,.(A) into P.(A) such that for all P#0 F(P)C P
then F is constant on a set in U. By arguments similar to those given in [8] one
can show that if for every Q € P,(A), Ao € U then {P | P€ Mocr Ao} € U.
(This last set is called the diagonal intersection of the system {A, | Q € P.(A)}.)

The notion of a normal ultrafilter on P.(A) generalizes the notion of normal
ultrafilter on « (see [8]) and like it, it can have nice partition properties, (Menas
[15]). Let B C P(A), then [B]™"is the set of all n elements of subsets of B, which
are totally ordered by inclusion, [B]** is U,<,[B]".

THEOREM 1.2. ([15]) Let x be A supercompact, then there exists a normal
measure U on P.(A) such that if F is a partition of [P.(A)]™ into some set of
cardinality less than « then there exists a set B, B € U such that for every n < @, F
is constant on [B]".

Actually, for the sets A we shall deal with, it can be shown that every normal
ultrafilter on P.(A) has the partition property described in Theorem 1.2.
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Given two regular cardinals @ and 3, the standard forcing notion for
collapsing B to " is Col(a, B) which is the set of all functions f whose domain is
a subset of a X {y |is a cardinal, & < y < B} such that for (, p) € Domain (f),
f(y p) € p. And the cardinality of f is less than a. Col (e, B) is partially ordered
by inclusion and it is closed under unions of increasing sequences of length less
than a. The cardinality of Col (a, 8) is clearly 8¢ If y* < B for every y < 8 then
Col («, B) satisfies the B chain condition, i.e., every set of mutually incompatible
elements of Col(e, 8) has cardinality less than B. Note that if « <y < 3 then
Col(a, y)C Col(a, B) and if f € Col(a, B) and the Domain(f)C a x § then
f € Col{a, 8). Hence if B is a limit cardinal, f € Col(a, 8) then f € Col(a, 8) for
some & < 8.

The intuitive motivation for Col(a, B) is that f(8, y) for fixed vy is a partial
information about a function which maps « onto y. It is well known (see [6] and
also [23] where Col(w, k) is used) that using Col(a, 8) as a forcing notion
generates a model in which 8 = & and there are no new y sequences of ordinals
fory <a.If y* < B forall y < 3 then 8 isstill a cardinal in the extension, hence

B=a’.
§2. The forcing conditions

As described in the introduction we start by proving Theorem 1 (a). We are
given the natural number k and we want to construct a model in which R,, is a
strong limit cardinal and 2" = N,,... We assume that we are given a ground
model, V, in which there is a cardinal « such that:

(a) 2" =«

(b) « is k"*™V supercompact.
1t follows from [21] (see also [14], Ch. 4) that this is consistent with the existence
of a supercompact cardinal. Actually it is enough to start from the assumption
that there exists « such that k is «** supercompact.

Our forcing notion, that we define in this section, will be a generalization of
that of Prikry [16] and it changes the cofinality of each one of «, k', - - -, k **°V
to @ simultaneously (hence collapsing « ™', k%, - -+, k **™" to «). We shall keep
denoting these ordinals by « ™, i = 1,-- -,k — 1 though «** in the sense of V[G]
is of course different. Since x will become also N,, in the sense of V[G] we shall
denote «*' in the sense of V[G] by N...

Besides this change of cofinality, many cardinals less than « will be collapsed
such that in the extension x will become N, while preserving its strong limit
status. On the other hand we are able to show that «** is not collapsed. V[G]is
not the model we are looking for since in it 2%~ = N,,.,. The model we are looking
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for, which is a witness for the truth of Theorem 1 (a), is a certain submodel of
V[G] to be described in the next section. The present section is devoted to the
construction of V[G].

Let U be a fixed normal ultrafilter on P, (x**™") which satisfies the conclu-
sions of Theorem 1.2. (In this case any normal ultrafilter will do.) Let D be the
set {P € P.(x*“ V)| PN« is an ordinal which is an inaccessible cardinal and
(«*(P))y =« (P)for 0=i=k —2}. By Lemma 1.1 D € U.

DerFiNiTION 2.1. 2 (the forcing notion we shall use) is the set of all finite
sequences of the form = =(P,,---, P, fo, - -, f, A, G) where

(a PeD,forl=si=s|, PCP.forl=si=l-1,

(b) if we define «, = otp (P, N k) then f, € Col(w,, k1), f; € Col (k¥ x..,) for
1=i=l-1 and f €Col(xi* k) (note that since « is a limit cardinal
fi € Col (k7% B) for some B < k),

(c) ACD,A€Uandforevery Q€ A, P, C Q and f, € Col(x;*, Q N k),

(dy G is a function defined on A such that for Q€ A G(Q)E
Col((k N Q)  k)andif PE€ A, PC Q then G(P)E Col((« N P)*, k N Q). is
called the length of the condition , (Py, - - -, P) its ““P part” and (f, - - -, fi) its *‘f
part”.

It seems appropriate at this point to give some intuitive motivation for the
definition of the forcing conditions. Since we want to change the cofinality of
every k"' to w for 0 =i < k we need to introduce a cofinal w sequence for each
of them. Given the condition # as in Definition 2.1, the finite sequence whose
j-th member is Sup (P, N « ™) is an approximation to the sequence cofinal in « *".
A is the set of possible candidates for extending the sequence P,,-- -, P, i.e., all
future members will be picked from A. The assumption A € U guarantees that
this set of candidates is large enough. Since we want to transform « to N, we
have to collapse many cardinals below «, and our forcing conditions are
supposed to collapse every cardinal which is strictly between w, and k, to w,. fy is
a partial information about such a collapse. Similarly we collapse every cardinal
strictly between 1 and «, to x7*. f, is a partial information about this collapse.
Note that we are leaving «y, k7, -+, k7“™? with collapsing. The reasons should
be clear from the proof of the main technical lemma which is Theorem 2.6. The
role played by fs, -+, fi-s is the analogue of f, for k3% ks; k3% ka; -+ respec-
tively. f, is supposed to be a partial information about the collapse of the
cardinals between k;* and «,.,. But we do not know yet what is k,.;, hence we
assume it is in Col(k;*, k) and the conditions imposed on A guarantee that no
matter which element of A is picked as Py, fi.i € Col (k/*, k1))
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By G we are making another commitment. G (P) will be of significance just in
case we decide at some future condition to use P as P, for some I < n. In that
case f, will have to extend G (P). Hopefully these remarks should be a sufficient
motivation for the following definition of the partial order on .

DermniTiON 2.2, Let  ma'€P, w=(P, - P.fo, ", [ A G), 7=
(Qy, -+, 04,80, ", g B, H). We say that 7’ extends = (7 = 7') if

(a n=land Q=P for1=i=n,

(b) fCgfor0=i=n,

(c) Q. €A and G(Q)Cg forn<i=]l

(d BCA,

(f) for every P€ B, G(P)C H(P).

DerintTioN 2.3, Let 7 and #' be as in Definition 22 # = 7' Let 0= j = n,
then 7' is called a j-direct extension of 7 if

(a) fi=g forj=si=n,

(b) G(Q)=g forn<i=]

(c) B={P|PEA, Q CP}

(d) for P€ B, G(P)= H(P).
7' is a direct extension of 7 if it is a O-direct extension of .

Note that if 7' is a j-direct extension of = then it is uniquely determined by

8o, ", g1 and Q... -, Q, hence we call 7’ the j-direct extension of =
determined by (g, - * -, g&-1) and (Qn.y, -+, Q). (In case j = 0 omit mentioning j
and (go," ", g-1)).- The dual of a j-direct extension is given by the following
definition:

DeFiNniTioN 2.4, Let 7 and 7' be as in Definition 2.2 m = 7', 0 = j = n, then
a' is called a j-length preserving extension of = if

(a) n=1

(b) fi=g for0=i<j.

Note that if 7 = 7’ then there is a unique 7" such that

(a) m=7n"=7,

(b) =" is a j-direct extension of r,

(c) ='is a j-length preserving extension of 7"
We call this unique =" the j-interpolant of m and «’'. Note that if r = 7' = 7"
then the j-interpolant of 7' and 7" extends the j-interpolant of = and #". Also
note that if 7" is the j-interpolant of 7 and ', then the j-interpolant of #” and
o' is 7" itself. m restricted to j is (P, -+, P;, fo, -+, fi-1), denoted by = [ j.
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Lemma 2.5. Let m, j be as in Definition 2.4 (m, , y <A) is a sequence of
j-length preserving extensions of m where for B=<vy, mg=m, and A = «;*" if
j>0 and A = w if j=0. Then there exists w' which is a j-length preserving
extension of each (m, l v < A) and of m.

Proor. Let 7 =(P, -, Pufo,- A, G) and y<A, m,=(P, P,
fooro f-i, f1, - A", G"). Define w' by (Pi,**, Pufo, ", fi-1, 8" * & B, H)
where g = U, fl, j=i=n (here we used A = «k;*" since Col(k* ki) is
closed under increasing unions of length at most k;*™, B=1(),.,A” and
H(P)=U,.,G"(P) for P € B. (Here we used the k completeness of U, for

inferring B € U.) Clearly #' is the required condition.
The main technical device that we shall use is the following theorem:

THEOREM 2.6. Let 7 be a condition of length n and j = n. ® is a statement of
the form 3x (x is an ordinal AV(x)) in the forcing language for P then there is a
j-length preserving extension m, w' which decides ® up to j-direct extensions, i.e.,
if m'=m" and =" decides D, then the j-interpolant of ' and =" decides .

Proor. We shall break the proof into two lemmas. The first lemma will
follow from the second. The theorem follows immediately from the first lemma.

LEmMA 2.7. Let @ and m be as in Theorem 2.6. Let 1 be the restriction to j of
some extension of . Then there exists a j-length preserving extension ' of w for
which Theorem 2.6 holds for every =" satisfying w[j = .

ProoF OF THEOREM 2.6 FROM LEMMA 2.7. It can be easily verified that the set
{n ] 7 is a restriction to j of some extension of 7} has cardinality «;, because it is

easily seen to have the same cardinality as Col (w, k;) X Col(k7*, k) X, -+, X
Col (k /%, ;). All of {k; I 1= i = j}are inaccessible and Col (a, B8) for inaccessible
B has cardinality B, hence the cardinality is &, X k2, *+, X K; = ;.

Let {(n, l vy < k;) be an enumeration of this set. By induction construct an
increasing sequence of conditions (7ry|y<:<,) each of which is a j-length
preserving extension of #. 7w, = m; for a limit ordinal =, is any j-length
preserving extension of 7 which is also an extension of n; for 8 < vy. (m, exists
by Lemma 2.5.) For y =8 +1, ., is a j-length preserving extension of m;
(hence of ) which satisfies the conclusion of Lemma 2.7, where we replace n by
ns and 7 by 5., in the statement of the lemma.

Let 7' be a j-length preserving extension of = which is also an extension of 7,
for B < ;. (Again use Lemma 2.5.) 7’ satisfies the requirements of the theorem
because if 7' =< 7" and 7" decides ® (let us say, 7 I ¥(8)) then let 1, = 7 [ j for
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some & < «;. By our construction 5., = 7", hence by the definition of ., the
j-interpolant of m5,, and =7 forces ¥(a ) for some a, but since the j-interpolant of
m' and 7" extends the j-interpolant of .., and 7", we get that the j-interpolant
of =" and 7" forces ¥(a). g

We still have to pay the debt of proving Lemma 2.7, for which we need:

Lemma 2.8. Let ®, 7w and 7 be as in Lemma 2.7 where the length of 7 is n and
lis a fixed natural number, then there is a j-length preserving extension of m which
satisfies the conclusions of Lemma 2.7 for every =" of length n + I

Proor oF LEMMA 2.7 FRoM LEMMA 2.8. By induction on | < @ we construct an
increasing sequence {m l I < w) of j-length preserving extensions of . o is
and 74, is a j-length preserving extension of m; which satisfies the conclusions of
Lemma 2.8 where we reblace 7 by m. Let v’ be a j-length preserving extension
of 7 which is an extension of m; for every | < w. (Again Lemma 2.5 is used.) 7’
satisfies the requirements of Lemma 2.7 because if 7' = 7", 7" W(8) for some
B where the length of 7" is n + ! for some ! < w, then m.; = 7" and by the
definition of ., the j-interpolant of ., and 7" forces ¥(a) for some a, but the
interpolant of ' and 7" extends this last interpolant hence the j-interpolant of
7' and 7" forces ¥(a). ]

Proor oF Lemma 2.8. The proof is by induction on [ Let w=
(P~ Poyfo, ", fn A, G), 1 = 0. Distinguish two cases:

Case I. There is 7", m = 7" which is of length n such that 7 [j = n and #"
decides ®. Fix such 7" where 7" =(Py,---, P, 8o, ", 8B, H). Let w'=
(P~ s Poy fo,"**s f-1, 8> - *» 8w B, H). Then 7' is the required condition which
satisfies the conclusion of Lemma 2.8 for [/ =0, since every extension of #’,
whose restriction to j is 7, is an extension of 7"

Case II. Case I fails, let 7' = 7. The lemma is vacuously true, since there is
no extension of 7 of length n + 0 which decides ®, and whose restriction to j is

n.

The induction step. Assume that the lemma holds for some fixed / and for all
n and the condition 7 of length n. And we shall prove it for [ + 1. So given # of
length n, # =(Py, "+, P, fo,* " *, fo; A, G). Since the partial order C on D is well
founded (P C O implies k N P <« N Q) we can extend it to a well ordering of
D. Let < be this well ordering. By induction on < restricted to A, we define a

sequence of conditions (s [P € A) where mwo has the form:
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(I) o =<P17“'7Pmoaﬁh”‘yfj-l’fjo,”'a S)fO’BOyHO)v
(1) T = o,

IfT,0,SEA TCS, QCSand SEB"NB? then H'(S) and
{1 H°(S) are compatible. (Actually if T< Q then H"(S)C H°(S).)
Note that each 7e is an extension of 7 of length n +1 such that wp [j =7 [ ].
Assume we already defined mo for Q < P such that (I), (II), (III) hold for every
Q, T< P. Note that we picked the order < such that if Q CP, Q € A, then
Q=< P, hence o is already defined for all Q C P.

Define xp =(Pi, -, Py, P, fo, s, 8", A", G") where g¥ = U{H?(P)| QO C
P, Q€ A} (in case PZB? we understand H?(P)= G(P)), A’ =
{T|[TEA ﬂ{Bol Q C T, Q< P}, PC T}. Note that by the normality of U,
A® € U (we use the notes before Theorem 1.2);

G*(T)= U{H’(T)|QCT,O<T} for TEAF}.

xr 1s a condition: g E€Col((PNk)™* k) since each H?(P) is in
Col((P N «)™* ), any two of them are compatible, by the induction hypothesis
(11I), and the cardinality of {H° (P)[ Q C P, Q € A}is at most the cardinality of
{0Q l Q C P} which is | P === Since |P| = (P N k)" " and P N « is inaccessible,
|P[%2= can easily be seen to be |P|=(PN«k)*“". Thus we proved that
g" € Col((P N k)™, k) since Col((P N k)™ k) is closed under unions of less
than (P N k)** compatible elements. (By the way, this is the point where we use
the fact that we start collapsing from «;*.) Similar argument shows that
G"(T)€ Col((T N k)™, k). The other clauses in Definition 2.1 can also be
verified to hold for y».

Now apply the present lemma for /, where instead of = we have y» and instead
of n, n+1. (The induction hypothesis is that the lemma holds for ! and any
condition 7.) We get x» = 7' which satisfies the conclusion of the lemma for [, yp
and n + 1. Define mp to be this 7. (I), (II), (III) are not violated by this definition
of mp: (I) because 7 is a j-length preserving extension of x, (II) because 7 = xp,
and (III) because of the particular way in which we defined G?(T). (Of course
G"(T)C H(T) for every T € B”.) This completes the inductive definition of
the sequence (s ‘P € A).

We are now ready for the definition of the condition 7' which will be a witness
for the lemma for =, [ + 1, and n. The first step is to observe that there exists a set
BE€ U (BCA) such that for PEB, ff,---, fF are constant. For j=i=n,
fi€ Col(k’* kix1) and |Col (k¥ kisi)| = ki35 = kir1 < &, hence by the k com-
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pleteness of U we can find B, C A, B, € U, for which f],---, fr_, are constant.
For all PE€ A fr€ Col (k" k N P), therefore since k N P is inaccessible fr €
Col(k;*, ap) for some ap < « N P. (Hence a» € P N «.) By normality of U there
is a set B, € U, B,C B, such that on B:, ap is constantly equal to some a < .
Since the cardinality of Col(k}* a) is less than «, again we can involve the «
completeness of U, and get B C B,, B € U such that for P € B, f7 is constant.
Let g, - -, g. be the constant value of f}, -, fr for P € B.

w' is defined to be (P, -, P, fo," -1, & ', 8, C H) where C=
BN{P|PE N{B°| OE A, QC P} and H(P)=f" for PEC.

Note that by our definition of f”

av) {H°(P)|Q€ A, QCPICf" and G(P)Cf"

We claim that =’ satisfies the lemma for [ + 1. Clearly = = #' (note that for
J=i=n, fiCg) Anditis a j-length preserving extension of 7. Let #'= 7", 7"
of lengthn+ (I +1), w[j=mn and =" decides ® (i.e. 7"+ ¥(a) for some ). Let
x be the j-interpolant of 7' and =", hence x is the j-direct extension of =’
determined by (ho, - - -, hj-1) and (P, Q,, - - -, Q;) for some P, Q4, - - -, Q: € C. Note
that since w[j=mn, (P, --,P, ho,---,hj-;)=n. By our construction of 7',
m=xy=w" because Qi -, QEC and PCQ,CQ.CQ implies
Q. -, QE€B", H(Q)C H(Q)by(IV), ff=g forj=i=n,and H(P)= f".
Now use the definition of wp, mp = 7", w|j=mn, 7" decides ® and =" has
length (n + 1)+ [, therefore the j-interpolant of #» and #" (denote it by x')
decides ®. But the j-interpolant of y and =" (which is y itself) extends the
j-interpolant of x, and #” which is y’, hence y’' = x and yx decides . O

CoROLLARY 2.9. Let  be a condition of lengthn, j = n, u = x;* " and b be a
name which is forced by w to be a function with domain p and whose values are
ordinals. Then there is an extension 7' of m such that forall w' = 7" and A < p if
7"k b(X) = B for some B, then the j-interpolant of =' and =" forces b(X) = B.

Note. Intuitively this corollary implies that every function from p < «;*™"

into ordinals is generated by the ‘P part” of the generic filter and by the first j
coordinates of the “F part” because given the function named b, we can find in
the generic filter a condition 7' for which the corollary holds, and if we want to
get information about the value of b(A) we just have to know the j-direct
extensions of 7' which lies in the generic filter. But these j-direct extensions are
determined by the “P part” and the first j-coordinates of the “F part”.

ProoF oF CoroLLARY 2.9. By Theorem 2.6 and Lemma 2.5 construct an
increasing sequence of j-length preserving extensions of 7 (m, IA < i) where
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mo=m, m for limit A is any j-length preserving extension of (m, |y <A)
(Lemma 2.5) and .., is a j-length preserving extension which satisfies Theorem
2.8 with respect to m,, and the statement 3x (b(X) = x). Let 7' be a common
extension of all the members of (m, ’ A<pu) by Lemma 2.5 (note that
p =k, %), 7' is the required condition because if 7' = #", 7" b(X) = B for
some B. m = 7' = 7", hence the j-interpolant of m, and =", y, forces b(A) = ¥
for some v, but we must have y = 8 because 7 = m, = y = 7" and = forces b to
be a function. If x’ is the j-interpolant of 7' and =" we have y = x’, hence
x'Fb(X)=B. O

§3. The model

In this section we verify that a certain submodel of V[G], where G was V
generic over 2, is the right model which yields the consistency result of Theorem
1 (a). Before we describe the submodel we need some information about V[G].

If G is V generic over %, then clearly for every n we have a condition in G of
length n. We define the “P part” of G to be the union of all *“P parts” of
members of G and it is an infinite sequence (P,

n < w, n# 0). Similarly we have
the sequence (k, = P, N« | n < w, n#0). For every n < o let

F, = U{fISome 7 in G has the form 7 =(Py,---, P, fi, -, f, A, H)
with n = [ where f, = f}.

F. is clearly a function which by standard forcing arguments (see [6], Model VI)
can be shown to have domain k7*X {y | k ;< y < Kk..1, v is a cardinal} and range
Kkn+1. Moreover for every fixed cardinal y, x »* < y < ka.1, F(a, v) as a function of
a is a function from «;* onto y. Hence in V[G] no y between «.* and k.., is a
cardinal. (Later we show that «,* and k.., are cardinals in V[G].) The sequence
(F.{n < w) is called the F part of G.

The next lemma gives some information about cardinals in V[G] above «.

LemMa 3.1. Let (P, |n <w) be the P part of a V generic filter over P. Let
0<i=k—1, then Sup({P. N k™' | n < w}) is cofinal in «*'. In particular (x, =
PNk*°|n<w) is cofinal in .

Proor. Let a@ € k™' and let w € . We show that 7 can be extended to a
condition which forces for some n<w that Sup(P.Nk™)>a If 7 is
(Pi,*+, Py, fo," ", fy A, H), pick P to be a member of A containing « + 1, which
exists since A € U and U is a normal ultrafilter over P, (x **~"). Let 7’ be the
direct extension of 7 determined by P. Clearly #'IF Sup (P, N k™) > a. a
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Hence in V[G], «™ for 1=i<k has a cofinality o therefore none of
k' k™ k"D can be a cardinal in V[G].

Let G be V generic over 2. Let G || be the set
{fo, -, f-1)| Some 7 € G has the form (P,,- -+, P, fo, - -, f, A, H)
with j = [ for some f,.,,- - -, f, A, H}.

The reader should have no difficulty in verifying that G [ j is V generic over &,
where ?; is Col(w,, k1) X Col (k¥ k2) X -+ - x Col(k;%, x;) which is a partially
ordered set in the natural extension of the partial order on Col(x/* ,.,) (see
[20], section 8, where similar arguments are used).

The next theorem shows that every bounded subset of x in V[G] is in
V[G ] for j < w large enough.

THEOREM 3.2, Letw € P, banameand - b C u where u =« “"" for some
J, and the length of w is at least j. Then wl+b € V{G]]].

Proor. We show that every extension 7' of 7 has an extension y and a
name, c, in the language of %; such that xy Fc =b. (Note the ¢ can be
considered also to be a name for # whose realization is Kqy;(c). If we know G,
we know of course also G [}.)

Naturally we can consider b to be realized as a function from g into {0,1}.
Hence we can use Corollary 2.9 for 7' instead of =, and get an extension 7' = y'
such that forevery A € p if y' = xy" and x" b(A) =i for some i € {0, 1} then the
j-interpolant of x’ and x"” forces the same statement.

Let x'=(Pi, -, Py, fo," . fu. A, H). We define a partition of [A]™ into
P(P, X u x3). Note that the cardinality of %; is k; hence the cardinality of
P(P; x u x3) is 2%"*"* which is less than «. The partition F is defined by:
F{Q.,---, Qi) is the set of all triples of the form (n, A, i) where n € &,
7 ={go, ", g-1y where f, Cg for 0=i<j, A €p and i €3 such that

(a) if i =0 the j-direct extension of y' determined by 5 and (Q,, -, Q)
forces A & b (which is the same as b(A) =0},

(b) if i =1 the j-direct extension of y' determined by % and (Q,, -, Q)
forces A € b (which is the same as b(A) = 1),

(c) if i =2 the j-direct extension of y' determined by % and (Q,, -, Qi)
forces neither A € b nor A £ b.

Now use Theorem 1.2 for the partition F and get aset B, BC A, B € U such
that for | < w F is constant on [B}". Let this constant be E;. Note that if for some
n A (n,A 1}E E, then for no I' and no 7’ compatible with  can we have
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(n',A,0)€ E;, otherwise if n” is a common extension of n and 7', and
m =max (I, 1), pick Q,C, -, Q., Q€ B, then the j-direct extension of y’
determined by 1" and (Qy, - - -, Q..) forces XEDb (since it is an extension of the
j-direct extension determined by n and (Q:--, Q) and (n,A\,1)EE, =
F({Q,, -+, Q:}). On the other hand it forces XZb (since it is an extension of the
j-direct extension determined by %’ and (Q,,---, Q) and (n',A,0)€EE;. =
F({Qy,- -, Q:}), which is a contradiction.

Define the condition x to be (P),---, P., fo,* ", fus B, H| B). We claim that y
forces b € V[G | j]. Let ¢ be a name for #; which is always realized as the set
(where G is V generic over %, such that (f,,- -, f-) € G)

) {)\l/\<[..L, for some | <w and n € G (n, A, 1)E E,}.

Note that if G is V generic over ?; and A < u then either (7, A, 1) € E, for some
1 €G and |, or (n,A,0)EE, for some n € G and | (by the remarks above we
cannot have both cases simultaneously), because if 4 € P, (fo, -, -0 =,
consider the condition in &

<Ph.."ngO""’g)'-lvf;v'..sme5HrB>’

where 77 = (g, -, g-1) and pick an extension of it which either forces XEb or
forces A & b. Since this condition is an extension of ' < x we have by definition
of x' Qi,-+-,Q EB and 7 =17 such that the j-direct extension of y' deter-
mined by (Q,, - - -, Q,) and 7 either forces A € b or it forces A & b. Hence either
(1,A, 1) € E, or (1:1, A,0) € E,. Therefore since 7 was any member of ?; extending
(for =5 fi-)s G must contain 7 such that for some ! either (A, 1)EE, or
{n, A,0) € E,. What this leads to is that an alternative definition of ¢ can be the
name whose realization is

(1 s —{X| X <p,forsome!<wandn €5 (nA0)EE}.

x forces that the realization of b by G is the same as the realization of ¢ by G [ .
Assume otherwise, then there exists y = ¥ and A < u such that either

X FX € b aXE “The realization of ¢ by G | j”
or
XFX &b AAXE “The realization of ¢ by G | .

Assume the first case. The treatment of the second case is completely analogous
in view of the symmetric definition of ¢ ((I) and (II)).
Since x' = x = x we get that the j-interpolant of x’ and y forces A € b. This
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j-interpolant is the direct extension of x' determined by % and (Qy,- -, Q)
where Q,,- -, Q, € B (because yx = y). Hence by definition of F, (n,A, 1) €
F{Q,,- -+, Q})= E, but x clearly forces n € G | j, hence by definition of ¢ (use
definition (I)),

x F A € “The realization of ¢ by G [~

which contradicts our assumption. Thus we proved x F b € V[G | j]. g

Using Theorem 3.2 we can obtain information about the structure of the set of
cardinals below « as the set of cardinals = «;*"" is the same in V[G] and in
V[G 1j]. But G| is &; generic and «, - - -, ; are inaccessible. Standard forcing
arguments (see [23] for similar arguments or [6] p. 72, especially lemma 60) show
that V[G | j] w: is still a cardinal, the next cardinal is ,, then ki, - -, k7, then
Koy K31 o K35 K3yt oy Ky, k', -+ -, k7 ¥ Hence the same pattern occurs in V[G].
Since « has at least w cardinals below it (each «; is a cardinal), below «; there are
exactly 2+ k(j — 1) cardinals and the sequence (k; |j < w) is cofinal in k, we get
that in V[G], « is N..

As for powers of cardinals below «, again we can use Theorem 3.2 for p <«
(hence p = «; for some j < w). The powerset of u is the same in V{G] and
V[G 1j]. « is inaccessible in V, hence also in V[G [j] because G [j is &,
generic and P, has cardinality less than «, « is inaccessible in V[G [j]. (See [9]
for similar arguments.) Therefore 2* in V[G Ij] is less than «, but the same
holds in V{G]. So we proved that « is a strong limit cardinal in V[G].

We have almost arrived at our destination. The only problem is that N, of
V[G], namely «, may satisfy 2" = K,.., because in V we had 2" =«"* and
k™, kT were collapsed. So we pass to a submodel of V[G] which is
Viix: I i <) (F | i < w)|. The pair (« | i <w), (F ! i < w) can easily be coded
as a set of ordinals. Denote this submodel by V. Since G [ j forevery j < w isin
Vo, Vo and V[G] have the same bounded subsets of «, hence the same cardinals
below k. Therefore

Vo k is N, A k is a strong limit cardinal.

Since VC Vyand in V k™ =2 we get Vo= |k |=2" (note that k™ is in
the sense of V). Our final goal, therefore, will be to show that in V, P

k2 -+, k** are cardinals, hence we get

Vol 2% Z R, 1i. A N, is a strong limit cardinal.

Actually we can show that in V, 2" is exactly N.,.,, but we shall not bother
doing it. If we want to make sure that 2" = N,,., we can always force over V,
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with Col (k *¥, (2"~)") without changing the cardinals below k ** or the fact that
N, is a strong limit cardinal.

Let 0 =i < k. Our objective is to show that in V, «*“""is a cardinal. Define
V.= V(P Nk |j<w), (F|j<w)]. Since obviously V,C V; the required
statement follows from Theorem 3.3. Note that V.., = V[G].

THEOREM 3.3. ViE k""" is a cardinal.

Proor. If I =i then the sequence (P, N«k™' ]j < w) is in V, therefore by
Lemma 3.1,

Ve k™, .-+ k" have cofinality w.
So none of k™', k™, -+, k' is a cardinal in V. Assume that «™“"" is not a
cardinal in V,, hence it must be singular there. Let u be the cofinality of x ***" in

+(i+1)

V. Since u is a regular cardinalin V,, p <« we must have u < k. (There are

+(i+1)

no cardinals between x and « sO i = k, but we cannot have p = « because

Kk is singular.)

+(i+1)

Let b be a name for a function from u into « whose range is cofinal in
k" such that this function lies in V, = V[(P, N k™ lj < w), (F, ]j < w)]. By
the remarks made in §1 we can assume that the name b is invariant under any
automorphism of @ which preserves some standard name for the pair {{P, N
e |j < w), (F [j < w)}. We shall be interested in a particular group of
automorphisms of 2, ¥, for which it is obvious that any reasonable way of
picking a standard name for {{(P, N« " 'j < w), {F Ij < w)} will yield a name
invariant under any automorphism from G.

Let 4 be the group of permutations of k "

which are the indentity on « ™. 4
can be considered to be a group of automorphisms of ?, where we define the
operation of ' € 4 on 2 as follows: lf P € P, (k"* ") TP is["P ={Ta l a € P}.

If ACP.(x"* ") then TA is {FP\PEA}. If # € 2,
7T=<PI’..'9Pn,f()a.'.7fmA7H>
then I'm is

(rep,,---.I'P, fo, ", fuTA,H -T™").

' is easily seen to be in ?. (Note that I is the identity on , hence P and P
satisfy P Nk = ('P)N « therefore f, i =0,---,n and G -T'"'(P) are still mem-
bers of the right Col (a, 8) respectively.) The only clause which is not completely
trivial is showing that if A € U then ' A € U. This follows from:
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Lemma 3.4, Let I' be a permutation of a, U is a normal ultrafilter on P, (a),
then {P|TP = P}€ U.

ProOF. Assume otherwise. Let B ={P |[P# P}€ U. For P € B there is
Br € P such that either '8, € P or I'"'B, € P. By normality of U there exists
CC B, Ce U, and B € a such that for P € C, B» = . By normality again pick
P € C such that {8,T8,T''8} C P which contradicts 8 = 8. O

Since {P|P€A, 'P=PICTA we get that TAE€ U. T defined on @ is
readily seen to be an automorphism, i.e., 7' = 7 if and only if ' #’' =T'7 as one
can verify by checking Definition 2.2 item by item. The fact that T is one to one
and onto is equally routine. It is clear that any reasonable name for
{P,Nnk* [j < w), (F [j < w)} is invariant under I' € ¥ because I' is the identity
on k', hence PN«x™ =(TP)N«** and I' when applied to a condition 7 € P
does not change its f part. Therefore we shall assume I'b = b forevery ' € %.

We need one extra lemma to finish the proof of Theorem 3.3.

LEmMMA 3.5. Letw, m' € P,

7 =P, Pofor . fu A, G), 7' =(Qs,, Ou fo, -, foy B, H)
where
@ forl=j=n QNk"=PNk",
(b) forPE ANB, H(P)= G(P),
then there exists I € 4 such that T is compatible with ='.

Proor. We can assume i < k — 1 otherwise 7 and =’ are compatible because
(a) implies Q; = P; for 1 £j = n. We define I' piecewise on P,C P,C --+ C P..
Note that for 1=j=n |P|=(P,Nk)*“=(0Q;Nk)*P=|0Q;| and that
[P0k [ =(PNk)" =(0;Nk)" =[Q;N«"|<[P[=]Q]. Also |Pi|<[Paf<
-+» <|P,], hence for 1 =j <n we have

|Po= P =« | = [(P = P) = (P N T)| = (k N P47
(since | P;|<|P,.,| and | P, N k™| <| P, |). Similarly
Qi = Oy~ k| = (N QY P =] Py P = k).

Define I to be the indentity on «*'. On P,~ k"' pick any one to one function
from P,—P,N«k™ onto Q,— Q,N«k™ (which exists by the equality of the
cardinals), and any one to one function from P,.,— P, ~ «* onto Q,.,— Q; — k"
forl =j<n (Againweuse |P.,— P, —«*|=]Q;,,— Q, —«*"|.)Extend [ to all

K+(k41)

of k**7V, by picking any one to one function from «** " - P, - onto

k" V—Q,—k* V. Clearly TP, = Q; (we use P,Nk" = Q; Nk™*).
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I is(Qy-*,Qum fi," " fw[A,G-T"). Let C={P|PEANB,TP=P}.
By Lemma 34 C€ U. Note that for PEC H(P)= G(P)=G -T"'(P).
(Qu,-,Qu f1,"+, f,n GGH| C) is a common extension of ' and of 7', hence
I'm and 7' are compatible. tl

We return to the proof of Theorem 3.3. Assume b is forced by the condition 7
cofinal in k **". Let n be the length
of 7. Without loss of generality we can assume that u < «; for some j = n. We
can apply Corollary 2.9 and get #', w=#', ' =(P,,***, P, fo," ", [ A, G),

+(i+1)

to be realized as a function from u to x

such thatif 7' =< 7", A € u and 7"k b (X) = & for some a, then the J-interpolant
of 7' and 7" forces the same statement. Fix A < g, let

A, ={a lFor some m' = 7", 7"k () = &}.
Ciamm. |A =«

We postpone the proof of the claim, so assume the claim. U, ., A, must be
bounded in k""" (note that the sequence {A, |A < u}isin V). Let & be this
bound, then clearly #'IF The range of b is bounded by 8, which contradicts the
fact that 7w = 7' forces b to be cofinal in « *“*". Hence « *“*"is regular in V..

ProoF oF THE CLaM.  For each « in A,, pick 7' = m, which forces r(A) = &.
By the condition we imposed on 7’ we know that the j-interpolant of 7' and ,
forces “r(X) = &”. Hence without loss of generality we can assume that 7, is a
j-direct extension of 7'. Let 7., Qf, - - -, Q. determine m, as a j-direct extension
of 7' (1. € P;). Assume | A, | = « "V, Since | P, | < «, we have a subset of A, B,
such that | B|= « """ and for some n,! 1. = 7,1, = I for every a € B. Similarly
since k is inaccessible (k)% = k™, the cardinality of possible sequences of the
form(QsNk*, QsNk™, -+, QN k™'Y is at most k™. Therefore we can assume
that for all 0, BE B, 1=j=1

Q:Nk™=0Q°fNk".
T., being a j-direct extension of 7', has the form (at least for « € B)
<P17 Tt Pm O‘lxa T 0?7 g07 Tt gi—h f}’ o .afm G(O;’)’ Y G(Ola)v Ba’ G rBa)

where (go, * -, g-1) = 1. Each G(Q7) is a member of Col(p, k) for some p < «,
which has cardinality . Therefore the cardinality of the different sequences of
the form G(QY), -+, G(QY) is at most k' = k. Thus we can assume without loss
of generality that for «, 8 € B and for some fixed h,, - -, h, G(Qf)= G(Q¥) =
h;. Fix a, B € B, a# B, then
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T Z(PI" . "Pn’ Qllxv Y OT’gO’“ 'agj—l,ﬁa”'afmhl," ) hlmeG [Ba>’
ar: =<P1". "Pm ‘139'. '10?’g0’.' "g]’—l’ﬁa”.yfmhlv'. ',thB,G rBB>

We see that the conditions of Lemma 3.5 are satisfied if we substitute #, for =
and 7, for 7'. (Note that Qf N k™ = QN k™" for 1 =j =) Therefore we can
find I' € ¢ such that I'm,. is compatible with .

By definition of 7, and m; we have

m b b(X)=a&,  mkb(X)=B.

Since b is invariant under I' we get from the first forcing relation I'm, I b(X) = 4,
but this contradicts the fact that 7z and I' 7, are compatible. 0

This completes the proof of Theorem 1 (a).

§4. Making 2" a little bit larger

In this section we shall indicate how to modify the construction so as to get a
model in which R,, is a strong limit cardinal while 2" = &,,.,,.,. We do not know
how to make 2"~ even larger, but we expect it to be possible. Maybe the methods
of [13] can be used. The exact assumption that we need about the ground model
V is that it contains a cardinal « such that

(@) 2% =K@,

(b) « is k™" supercompact for every n < w.

Again [21] or [14] can be used to get such a model from « which is k*“*"
supercompact. Following the lead of §§2 and 3 we change the cofinality of k as
well as «™" for every n<w to w, hence x*" has cardinality « in V[G].
Simultaneously k is made R, of V[G]. In the appropriate submodel we are able
to show that k" (hence k™ as their limit) together with « *“*!
thus this particular submodel is a witness for the truth of Theorem 1 (b).

are still cardinals,
Since « is assumed to be k™" supercompact for every n < w, fix for every
n<w U, a normal ultrafilter over P,(x""). Note that if P € P,(«™") then
P e P (k") for every n < I Analogously to §2 we define: D, = {P ] PNk isan
inaccessible cardinal, otp(P)= (P Nk )*"}.

DermniTioN 4.1, The set of forcing conditions 2 is the set of sequences of the
form 7 =(Py, -+, Py, fo, ", fu (A l n<i<uw), (Gi|n<i<w)) where
(@) forl=si=n P.€ P.(x"), P.€ D,
fori=i=n P.C Py

() fo€ Col(wi, k NPy,
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forl=i<n fi € Col((k N PY' "V, k N Py,
f. € Col((x N P,)Y """ k),

(¢) A, €U for n <o, and for all P € A; P, CP,
f. € Col((« NP, ™" k N P);

(d) G, isafunction defined on A; where G;(P) € Col ((x N P)"Y*", k), where
for every Q € A;., such that PC Q, G;(P)E Col((k N P)""" " k N Q).

The intuitive motivation is that (Sup (P, N« /)| i < n) is an approximation to a
sequence that in the generic filter will be cofinal in « /. A; is the set of possible
candidates for being the j-member of the sequence. f is partial information
about collapsing most of the cardinals between « N P; and « N P.,, leaving just
finitely many of them. G;(P) is acommitment we make about f; if we decide that
the j-th member of the sequence will be P.

We shall not bother the reader with all the details which are anyhow just a
minor change of the development in §§2 and 3. We shall just indicate the major
steps that should be taken in order to finish the proof:

(A) The intuitive motivation should suffice to define the partial order
relation on %, modeled after Definition 2.2. Similarly the definitions of j-direct
extensions, j-length preserving extension and j-interpolant naturally generalize
to the present case.

(B) Theorem 2.6 and Corollary 2.9 hold as stated with the obvious changes in
the proofs.

(C) 1If we use P as the set of forcing conditions, in the model V[G] that we
get, G generates a sequence (P; |i < ) such that P, € P.(x*") and for n <
(Sup(P,N k™) |i <w) is cofinal in ™ and a sequence of collapsing maps
(F, lj < w) such that in V[(P, N« li < w), (F, ] i < w)] k is N,. Hence each «*"
is collapsed to « and therefore their limit (x ") is collapsed. Also in V[G],
(i.e. N,) is a strong limit cardinal. This follows from the appropriate version of
Theorem 3.2. In the proof we need a substitute for Theorem 1.2 which is
supplied by the following theorem. We shall state it in a more general version
than we need for this section, but it will be used in the next section. Some
notations before the statement of the theorem: Let a <«k, A, C P.(A;) for
ISi=n Ah=LsE - 2A. AARQA, XA, is the set

{Pi -+, P)

PeA,l=si=n P CP.forl=si=n-1}

Given: (A, JB < a) where A, € P.(Ag) where A, = A, if 8 =y then (4, )B <
a)y™is U{A, Q&  RA. |a<a< - <a, <al
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THEOREM 4.2, Let (Ug [ B < a) be a sequence of ultrafilters where U, is a
normal ultrafilter on P (Ap), for some Ap, where A, = Agif y = B. Let F be a portion
of {P.(Ag) l B < a)=* into less than « parts. Then there exists a sequence of sets
(Ag 'B < a) such that As € Ug and for o, < -+ <a, <a, F is constant on
AnRAs R A.,.

The proof is very similar to analogous results for measurable cardinals (see
Rowbottom [18]). We use the closure of normal ultrafilters under diagonal
intersections (see §1). We shall omit the details. We apply the theorem for the

case &« = w, A, = K
(D) The submodel of V[G] we are interested in is V, where

V,= V[(P,-ﬂx’i<w), (F,-,i<w>].

n

Clearly « is N,, in V, and it is a strong limit cardinal. The crucial point is that «*
(n < w), k™ and k""" are cardinals in V,. Otherwise let @ = w + 1 be the first
cardinal such that «** is not a cardinal in V,,. @ must be a successor cardinal
(otherwise «** is a cardinal as the limit of (k™ |B<a). a=pB+1. Let
Vo= V(P Nk™ [ i<w), (F ’ i < ))]. Clearly V,C V, and an argument which

w

essentially repeats the argument in §3 (using the group of permutations of «*

*B*D is a cardinal, hence the same

which are constant on k **) shows that V, k= «
holds in V,, which contradicts our assumption. O

This completes the proof of Theorem 1 (b).

§5. How to handle cardinals other than N,

Our proof so far was in many aspects modeled after Prikry’s forcing, for
changing the cofinality of a measurable cardinal to w. For handling singular
cardinals other than N, and in particular cardinals of cofinality greater than o,
we need a generalization of Prikry’s forcing by which we can change the
cofinality of a regular cardinal to some value different from o, without collapsing
any cardinals. This is exactly what was done in [12]. The basic idea of this
section, which sketches the proof of Theorem 2, is to combine the methods of
[12] with the methods of §§2 and 3. The following “indentity” can probably
describe the situation:

§82,3 _ 85

Prikry Forcing  [12]

As in §4 we shall mainly describe the forcing notion which generates a model
V[G] which is a witness for Theorem 2, and we shall let the reader bother about
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the details if he has no better recreation. So let «, B, vy be as in Theorem 2 (in the
introduction) and 8 = p + 2.-,(8. ), where (5, ’ a < p)is an additive partition of
B with sup (5. [ a <p)y+1=1v. Since y is a successor ordinal, y = 8 + 1 where
8 <sup(8. | @ < p). Without loss of generality we may assume |B|=N, if
| B| < N5 because under the assumption | 8| <Ry, | B| = N, for some y < 8 and
we can assume y = u.

DeriniTioN 5.1. Let U, U be normal ultrafilters on P.(p), P.(n) respec-
tively, where p = 5. We say that U is majored by U (U < U) if when we form
the ultrapower V><"/U and collapse it to a transitive class M (see [19]) then
veM

As in [12] (after which Definition 5.1 is modeled) we can show that < is a
partial order on normal ultrafilters. (In fact it is even well founded.) The
following lemma is due to Solovay [17].

LEMMA 5.2. Let k be a supercompact cardinal k =X and A C P(P.(})) then
there exists a normal ultrafilter U on P, (A) such that A € V5®[U. (We do not
distinguish between V™™/U and its transitive isomorph.)

Using Lemma 5.2 and given a nondecreasing sequence of ordinals (A, ’ a<p)
« which is a supercompact cardinal and p =, we can find an increasing
sequence of normal ultrafilters U< U, < U, ---- < U, < -+ (a < p) where
U. is a normal ultrafilter on P.(A.). We simply construct the sequence by
induction using Lemma 5.2. We note that given = A ultrafilters, each of which is
an ultrafilter on P.(u) for some u = A, we can easily code the sequence as a
subset of P(P.(A)). This last argument together with [21] shows the existence of
a Cohen extension of M, V (which from now on will be our ground model) in
which

(@) 2=«",

(b) there exists an < increasing sequence (U, I a < p) where U, is a normal
ultrafilter on P, (k *>), where the sequence (8, |« < p) is the additive partition
of B fixed above.

We need a few more observations and notations before we can describe the
forcing conditions. Let U be a normal ultrafilter on P, (A) for some ordinal A.
The transitive isomorph of V*®/U is M,. For every ordinal a =8 define
a: P.(A)—« by a(P)=otp(PNa). (No confusion can possibly arise from
denoting the function and the ordinal by the same name.) It is well known that
the function a represents in the ultrapower V>~"/U exactly the ordinal a (see
[17]) or [11]). Therefore if U < U (which means that U € M), where U is a
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normal ultrafilter on P.(a) for a = A, there is a function in V** which
represents U. Let F(U, U) be this function. Clearly the domain of F is P, (1) and
since My k= U is a normal ultrafilter on P,(a), then by kos Theorem ([10])

D(U, U)={S|S € P.(»), F(U, U)(S) is a normal ultrafilter on Py (a(S))} € U.

Since a(S) is the order type of § N a, then if F(U, U)(S) is a normal ultrafilter
on P.s(a(S)), it naturally induces an equivalent normal ultrafilter on
P.s(S N a). Note that P.sy(S N a) is simply {Q | Q € P.(a), Q C S}. Denote
this equivalent normal ultrafilter by F(U, U)(S).

Let U be a third ultrafilter which is a normal ultrafilter on P.(a'ywhere a'= a
and U < U. Itis easy to check that Ue My (it amounts to the statement that <
is transitive), as well as F(U, l:J)E M,,. Also it can be verified that

MoEU<U, Uis represented in M>®/U by F(U, lzJ).

Remember that F(U, ﬁ)(S) and F(U, U)(S) are naturally isomorphic to
F(U, U)(S) and EF(U, U)(S) respectively. Moreover, F(U, U) as a member in
My is represented (at least up to a set in U) in VU by the function
f($)=F(U, U)I Pus(S N ). 3

In view of Los Theorem we get that D(U, U, U)€ U, where D(U, U, U) is
the set of all S € P.(A) such that )

@@ F(U,U)S)<F(U,U)S), SeDU,U)NDU,U),

(b) F(U,U)S) is represented in V"S"/F(U, U)(S) by the function
F(U, U) P.s(S N ). Note also that if A C P.(a) then A € U if and only if
{S|ANP.s(SNa)eFWU,U)S)E U.

Let us go back to our sequence Uy< U, < - - < U, < -+ (a < p). For
a < p define

D.= N DU, U,)N N\ DU, U, U)N

n<a I<n<a

{P. € P.(x*%)
(PN k)4,

k N P is an inaccessible cardinal, which is «(P), otp(P) =

D, € U. (We use the remarks above and Lemma 1.1.)

DEermnTioN 5.2, The set of forcing conditions P is the set of all tuples of the
form

7=, Pasy s Pany for s s fonr {Aa | @ € p =T, (G |a €Ep = T))

where
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(a) T isa finite subset of p, 0ET and ay=0< a, < -+ < a, is a monotone
enumeration of the elements of I'.

(b) P,eD, forlsi=n P, CP,C - CP,.

() fo€Col(8,.1,k (P.)), f.€Col(otp(P))", k(P..)) for 1=i=n and
f.. € Col(otp(P.,)", ).

(d Ifa.<rep-T, A €U, A.CD, Forevery Q in A, P,, CQ and
f. € Col(otp (P.,)", k(Q)).

(e) If A€p-T, a <A<, for some O0=i<n then
A, e F(U,,,, UW)(P,.,), A.CD, For every Q in A, P,CQ and
fa: € Col(otp(P.,)", k(Q)).

(fy G, is a function defined on A, such that:

N If a.<r€ep-T, G (P)eCol(otp(P)',k) and if A<n€p-T,
PC Q€ A, then G\(P)€& Col(otp(P)", k(Q)).

(2) If o <A < a, for some 0=i<n then G,(P)€ Col(otp(P)", k(P..,)
and if A <7n <a., PCQEA, then G,(P)€E Col(otp(P)", «(Q)).

The intuitive motivation to Definition 5.2 is very similar to the one given to
Definition 2.1 or 4.1. See also [12]. We want our generic filter to generate p
sequences cofinal in each of the cardinals «, k™', k™% -+ k™ respectively.
(P,, [ a; €T) is a finite approximation to a function from « to P,(x*®) such that
when the whole function (P, , a < p)isrealized then (Sup(P N K*")l a<p)isa
cofinal sequence in «*" for every successor 7, such that n = 8. A, is the set of
possible candidates for being the A-th member of the sequence (P, ’a <p).
Since the sequence should be increasing with respect to C, once we decided
what is P,, and P, ,, if i <A < ., P, should satjsfy P,, C P, C P,,.,. Hence A,
is not required to be in U, but in some ‘“‘projection” of it to the set
{0 ’ Q € P.(x"™>), Q CP..}. This projection is given by F(U..,, U\)(P...).
The requirement P, € D,, guarantees that these ‘projections’ cohere, namely
F(U,,,, U\)(P.,,) is also the “projection” of F(U,, U,)(P,) to P,,,,if n < a;.,.
(This also applies to future P,’s, , namely for n € I', hence the value of P, will be
determined by some future condition.) f, f.,, -, f.. gives partial information
about collapsing maps that eventually will make « to N, G,(P) is a partial
information about f, which we must use if we decide to use P as the A-th
member of the sequence. We omit the definition of the order relation on 2.

As in [12] and in §3 we can show that a V generic filter over ? generates a
sequence (P, | A < p) such that (Sup (P N k") |« < p)iscofinal in «*™ for every
successor 7, n = 8. Hence, since every cardinal below « ™ and above « is either
successor or a singular cardinal we get that «*” (n = §) are all collapsed to «.
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Since we want to find what happens below «, we need the definitions of A-direct
extension, A-length preserving extension and A-interpolant for A <p.

DermiTioN 5.3. Let 7 be as in Definition 5.2, A <p. Then w[A (the
restriction of  to A) is

<rn/\’Pa|7“'7Pa, 1,f0;”‘vfa,47<An ln<)‘a T’EF), <Gn ln<Aa ner>>)

where j is the minimal such that A =a;, if there exists such e; otherwise
j=n+1

(Note that if A < o; for some ; then we have less than x possible restrictions for
A of extensions of .)

DerFINITION 5.4, Let

7r,=<F17PBn"'7PBn f(h'"sfﬂn <Bnln€p—rl>v <Hn’nep_r>>v

m, A as before. = 7' then =’ is a A-direct extension of 7 if
(@) Forall BET" - (T US), f5, = Gp (Py).
(b) Forn€p-T"andB <n A=n<pthenB,={Q|QE A,, P, C Q}.
(¢) For ne€p-I', A=n B <n<B. for some 1=j=]
B,={0|Q€A, P,COCP,.).
(d Fornep-TI',A=n H,=G,I|B,

DeriNiTioN 5.5. Let o, ', A be as in Definition 5.4, # = #’ # is a A-length
preserving extension of 7 if

(@ I'=1I,

b)) wlA=aTA

The A -interpolant of w and 7' if w = 7' is defined as in §2. Once we made these
definitions, Lemma 2.5, Theorem 2.6 and Corollary 2.9 go through (replace j by
A) with the obvious modification. For instance, in Corollary 2.9 change
p = k7% Vto u = otp(P.). Some additional arguments are needed in the proofs.
Since they do not amount to more than the merging of the arguments in [12] and
the proofs in §2 we omit further details.

For A <p define P, as {Tr[)\[weg’} and for GCP? GIA 1s
{mTA , m € G}. If G was V generic over ?, G | A is generic over %,. Note that it
is not true here that G [ A is isomorphic to a finite product of collapses as was the
case in §3, but Theorem 3.2 still holds if we replace j by A. Using this we are able
to show that no cardinal below A is collapsed unless we specifically introduce
conditions for collapsing it via some Col(a, ). Similarly we can show that no
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new subsets of 8 are introduced, and that « is a strong limit cardinal. We have to
check that x is N in the extension.

Note that below « (P,) we left u + 1 cardinals, and the set of cardinals n such
that «(P.)=7n <«(P\.1) has order type 6, +1, hence « is N, where n =
pwt+1+2,.,(6 +1). We have to show:

LemMma 5.6. Under the conditions of Theorem 2, n = B.

Proor. u +2,.,8, is by assumption B. An easy exercise in ordinal arithme-
tic will show that since p is a limit ordinal, u +Z,.,8, = (u + 1)+ Z,,(& +1).
d
Again the model V[G] is not our final model. Let (F.,,a < p) be the
sequences of the collapsing maps generated by the generic filter. Let V, be
V[(K(P,,)]a < p), (F, Ia < p)]- Clearly in V,, k is Rg and it is a s'trong limit
cardinal. Also 2 > k™ («"” in the sense of V). We finish this sketch of the
proof of Theorem 2 by showing that for n = vy, «™" is a cardinal in V,. Assume
otherwise. Let «™* be the first among {« " | n = vy} which is not a cardinal in V.
A is of course a successor ordinal, since the limit of cardinals is a cardinal.
Therefore in V, it should be singular. Let n be its cofinality in V. If n < « then
arguments similar to those we had in §3 yield a contradiction. If k =% then
n = k "* for some ¢ < A, and since n has to be regular in V, (and « isnot), ¢ isa
successor ordinal, ¢ < A. Let V, be V[(P, N k** ‘ a <lI),(F, ] a <p)].In V;all
the cardinals = « ** are collapsed, hence the cofinality of k ** in V/ is less than «.
Once again the argument of §3 applies, where we use automorphisms of %

8

generated by permutations of « *® which are constant on « **. In the argument

we have to find the cardinality of P.(k**). Solovay [24] gives the answer: Since

k "* is regular (¢ is a successor ordinal) and « is x ** supercompact we get that

[P (k™) =« .
This completes the proof of Theorem 2.
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