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ON THE S I N G U L A R  C A R D I N A L S  
PROBLEM I 

BY 

MENACHEM MAGIDOR + 

ABSTRACT 

We show how to get a model of set theory in which ~ ,  is a strong limit cardinal 
which violates the generalized continuum hypothesis. Generalizations to other 
cardinals are also given. 

w Introduction 

The singular cardinals problem is a direct descendent of the generalized 

continuum problem, namely: Given the cardinality o[ the set A,  what is the 
cardinality of the power set o[ A (P(A ) is the power set of A, I P ( A  )l = 2fA I where 

I A I is the cardinality of A ). The Generalized Continuum Hypothesis (G.C.H.) is 

the statement which asserts that 2 p'~f is always r A I + where r A i + is the cardinal 

which is the immediate successor of r A I. 

It is well known that the accepted system of axioms for set theory does not 

settle this problem ([2]). Thus the power set of the set of natural numbers, for 

instance, can have different cardinalities according to the particular model which 

we happen to consider. Similar results can be derived about larger sets. 

Naturally one wonders whether, given such freedom for deciding what is the 

cardinality of the power set, there are nontrivial theorems about the relation 

between I AI  and 2 tar or there are no deep facts about this relation which follow 

from the axioms. By classical methods the following theorems were known: 

(I) If  r A l <<_ l B I then 21aJ <= 2 IBf. 

(II) The coJinality of 2 IAI is greater than I A I. 

For definitions of "cofinality" and "singular cardinal" see w (II) is Konig's 

Inequality. Cantor's Theorem, i.e. 2 lar > I A  I, follows from (II). 
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(Ill) 

(Bukovsky [1]) I[  a is a singular cardinal  and for some A and  

y < a, 3' < /3 < a implies that  2 o = A then 2 ~ = A. 

See also Jech [7] for more facts about powers of singular cardinals. 

Easton [4] showed that in some sense (I) and (II) are all the facts we can prove 

in the Zermelo-Fraenkel  set theory (ZFC) about 2 ~' provided we restrict our 

attention to regular cardinals. Roughly his result can be stated as follows. Every 

function F defined on the regular cardinals such that F is non-decreasing and for 

every a the cofinality of F(o~) is greater than a (i.e. F satisfies (I) and (II)) is a 

possible candidate for being the function a - - )  2", i.e., there is a model of set 

theory in which 2 ~ = F ( a )  holds for all regular cardinals. 

What happens in the models constructed by Easton to powers of singular 

cardinals? If o~ is a regular cardinal then in the Easton model 2" is the minimal 

cardinal for which (I), (II) are not violated. Thus for instance, if 2". < 1r for 

every n < to then in the Easton model 2 M~ = 1~+~. If 2"- = N . . . .  1 then 2"- = 

N . . . .  1. (Note that 2 "- = ~+o~ is ruled out by (II).) Exactly the same behaviour of 

powers of singular cardinals occurs in another  case. A theorem of Solovay ([24]) 

asserts that if c~ is a singular cardinal which is above a strongly compact cardinal 

then 2" is again the minimal cardinal/3 such that "2" = / 3 "  is consistent with (I), 

(II). For the definition of "super  compact cardinal" which is a stronger concept 

than "strongly compact",  see w 

These two cases could have created the suspicion that this behaviour is a 

theorem of ZFC and hence there is no singular cardinal problem, but Solovay's 

Theorem was discovered, it was after the combined construction of Prikry [16] 

and Silver [22] indicated that is not a theorem of ZFC. Silver described a method 

for getting a model in which some measurable cardinal violates the G.C.H. 

Prikry gives a forcing notion which changes the cofinality of a measurable 

cardinal to to without collapsing any cardinals or changing the function a ~ 2 a. 

Hence we get a model which a singular cardinal of cofinality to satisfies 2 ~ > a +, 

while a is a strong limit cardinal, i.e., for/3 < a 2 ~ < a. Note that for strong limit 

a, the minimum value for 2 ~ which is consistent with (I), (II) and (III) is a § 

The cardinal obtained by the Prikry-Silver construction is rather large (though 

singular) and is greater than each one of Ir 1r the first a such that a = Na, etc. 

The question whether similar results can be obtained for more down to earth 

singular cardinals (like 1~, ~ . . . .  N~I, etc.) poses itself, and this paper gives some 

information about it. Probably a more interesting and important problem is 

raised by the well known fact (due to Scott [19]) that if a measurable cardinal 

violates the Generalized Continuum Hypothesis, then there are many smaller 
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cardinals which violate G.C.H. Hence when we apply the Prikry-Silver construc- 

tion, the singular cardinal we get has many cardinals below it which violates 

G.C.H. The question is whether this can be avoided, namely, can a singular 

cardinal be the first cardinal which violates G.C.H.? Compare this problem with 

the similar problem for regular cardinals, where by Easton's results "any"  

regular cardinal can be the first which violates G.C.H. ("any" here means 

definable in some way which is absolute for a certain class of Cohen extensions. 

Of course the "second regular cardinal which violates G.C.H."  cannot be the 

first). 

Silver's surprising result ([22]) shows that the answer to our problem is "No"  

for singular cardinals of cofinality greater than to. In a forthcoming paper ([13]) 

we shall address ourselves to this problem for cardinals of cofinality to and show 

that the answer can be "Yes" even for the least singular cardinal of cofinality to, 

i.e., 1~. In both papers we assume the consistency of the existence of some very 

large cardinals, in this paper we assume the consistency of the existence of a 

supercompact cardinal and in [13] even the stronger assumption of the consis- 

tency of the existence of a huge cardinal. (This difference in the assumptions, as 

well as some difference in methods and the fact that here we can generalize the 

results to cardinals of cofinality greater than to, whereas in [13], in view of 

Silver's Theorem, no such generalization is possible, are the main reasons for 

separating the two papers.) These strong infinity assumptions are necessary, at 

least to a certain extent as follows from the following important results of Jensen 

[3]. If the axiom "Va (a is real ~ : : la ' )"  (which is related to strong cardinal 

assumptions and is inconsistent if, for instance, the existence of ineffable 

cardinals is inconsistent) fails then for every singular a, 2 ~ is simply the minimal 

value consistent with (I), (II). The assumption (a is real --~ Va 3 a  '~) is still much 

weaker than the existence of measurable or super compact cardinals, but a 

recent result by Jensen and Dodd is that the gap can be narrowed and if for some 

singular a, 2" is not the minimal value possible, then there exists an inner model 

with a measurable cardinal. Thus large cardinals, having order of magnitude of 

measurable cardinals, are probably necessary for getting the results of this paper. 

We are ready for the statement of our results, assuming the consistency of the 

existence of a super compact cardinal (actually for any particular case a weaker 

assumption is sufficient). 

THEOREM 1. (a) Let  k be a natural number. There is a model  of  Z F C  in which 

2 N" < N,o for n < to and 2 "~ = l,l,,§ 

(b) There is a model  o f  Z F C  in which 2". < N~ for n < to and 2 "~ = N . . . .  1. 
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Some remarks about the behaviour of the function n ~ 2"- for n < to, in the 

models we construct in the proof of Theorem 1. The model constructed in the 

proof of Theorem 1 (a) satisfies: 

2 "~ = N1, 2"' = N=, 2 "= = 2" . . . . .  2" . . . . . .  N2+k, 

2 "~§ = ~ll~2+k+l, 2 "'*~§ 2 "'§ . . . . .  ~ l~2+k+l+k  etc. 

We also have some freedom and by slight changes in the proof we can have for 

different f ' s  a particular model which satisfies the conclusions of Theorem 1 (a) 

and 2"- = ~t(-). For instance, we can prescribe the value of 2"- for finitely many 

n's, provided we conform to requirements (I), (II) and Vn (2 ~- < N~). But we 

must have an infinite set of n 's  such that 2". = N.+~. If we wanted to get for 

Theorem 1 (a) a model in which 2"- = N.+~ for all n < to then the methods of [13] 

are called for. Note that, trivially, above N~ we have no commitment about the 

value of 2 ~ for regular t~ except that (I), (II) and (III) should be preserved. 

Note also that we do not know how to get models with 2"- arbitrarily large, 

while keeping ~ to be a strong limit cardinal. If instead of N~ we had a regular 

cardinal a, then a bound on 2 ~ for fl < a gives no bound on 2L For singular 

cardinals of cofinality greater than to there is a bound as follows from the results 

of Galvin and Hajnal ([5]). For instance, for N~, it follows from [5] that if it is a 

strong limit cardinal then 2 ~ , <  Nt~-,*. The following theorem (of which 

Theorem 1 is a special case) shows how far we get with our methods for cardinals 

of cofinality > co. Note that there is a wide gap from the Galvin-Hajnal  bound to 

the maximum we get. For instance, it follows from the next theorem that we can 

have models in which N~, is a strong limit cardinal but 2"~1 is any successor 

cardinal up to N~.~.~. 

In order to state the theorem in a more general setting, we need some 

definitions. Let fl be a limit ordinal. An additive partition of fl is a non- 

decreasing sequence of ordinals (& l a < p )  and an ordinal ~ such that 

/3 = /z  + E,<~ & where /z </3 and & </3  for a < p, p is a limit cardinal. The 

caliber of an additive partition of/3 is sup((& I a < p)). y is good for 13 if y is a 

successor ordinal such that y is less or equal than the successor of the caliber of 

some additive partition of/3. For instance, for every limit ordinal,/3, every finite 

y is good for it since/3 can be expressed in the form n �9 p for some p. If/3 is a 

regular cardinal then every successor ordinal _-< 13 + 1 is good for /3. For 

/3 = to~ + co, the maximal ordinal which is good for /3  to + 1, etc. 

THEOREM 2. Let M be a countable model of  Z F C  such that 

(a) M ~ r is a supercompact cardinal, 
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(b) M ~ fl is a limit ordinal and /3  < K, 

(C) M ~ 3' is good for ft. 

Then there exists a Cohen extension of  M, N in which N~ is a strong limit cardinal 

and 2 ~ = N~§ Moreover if I/3 1 < NI~J we can assume then in N there are no new 

subsets of  [3. 

Again like in Theorem 1 we have some freedom to determine the values in N 

of 2 ~ for a </3, but this freedom is rather limited. In any case we can prescribe 

the value of 2 "a for o~'s in a bounded set of successor ordinals provided we 

preserve (I), (II) and the fact that 1% should be a strong limit cardinal. Of course, 

in this case we may have to give up the clause "in N there are no new subsets of 

/3". The reason we were interested in this requirement is because if, for instance, 

in M,/3 is to1, N~,, to~ + to2, to~ in the sense of M, etc. We want/3 to be tot, 1%1, 

o~1 + to2, to~ respectively in the sense of N. 

Though Theorem 2 includes Theorem 1, for didactic reasons we shall give the 

full details just for the proof of Theorem 1 (a), then describe the modification of 

this proof needed for proving Theorem 1 (b), and finish by describing how to 

modify the proof of Theorem 1 (b) to get Theorem 2. Just one of the possible 

cases we can get by Theorem 2 is: 

COROLLARY 3. I f  in M, /3 is a regular cardinal, /3 < N~, /3 < K where K is 

supercompact in M, then for every successor 3~ <-/3 + 1 there exists a Cohen 

extension of  M in which 2", = N~+~,/3 is a strong limit cardinal and no new subsets 

of /3  were introduced. 

The structure of the paper is as follows: w introduces the notations and some 

preliminaries used in the rest of the paper. w introduces the set of the forcing 

conditions, using which we can get the Cohen extension which is a witness for 

Theorem 1 (a). The basic technical lemma about this forcing notion is proved in 

this section. In w we verify that this forcing notion does its intended job. In w167 

and 5 we indicate how to modify w167 and 3 in order to get Theorem 1 (b) and 

Theorem 2 respectively. 

A further corollary of Theorem 1 improves a result of Jech in [7]. The problem 

is the relation between the gimel function, i.e. a-->N~ ~ and the power 

function a - ~ 2 L  Bukovsky in [1] proved that the power function can be 

computed from the gimel function. Jech in [7] shows that the converse is false. 

He produces two models of set theory having the same ordinals, cardinals and 

power function, but for some cardinal K having cofinality no, K "~ = K § in one 

model and K "o = X §247 in the second model. The cardinal x is rather large and 

cannot be easily defined. Theorem 1 helps us to get Jech's counter  example to 
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more down to earth cardinals. Using the model  we get by Theorem 1 (a) for 

k = 2 as a ground model for the usual Cohen extension blowing 2"' to N~+2. It is 

well known that this Cohen extension introduces no new countable subsets of 

ordinals and since 2 "0 = N1 in the ground model  no cardinals are collapsed and in 

the extension 2 "0 = N1 and 2 "~ = N~+2 for 0 < a _-< w. In the ground model (i.e. the 

model supplied by Theorem 1) ~ o  _,_ 1~+2 (~t, is a strong limit cardinal and 

2"~ = N~+2), therefore since no new countable sequences of ordinals were 

introduced by the extension N~ ~ = ~ + 2  in the extension. We can also assume that 

G.C.H.  holds for cardinals greater  than N,. 

On the other hand, if one applies the Easton construction to a ground model  

satisfying G.C.H.  and makes  2"' = N,+2 without introducing new countable 

sequences of ordinal we have in the extension 2 "~ = 1~1, 2 "a = ~I~+2 for a _-< (o, 

G.C.H.  holds above N~, but I ~  ~ is N~+I since in the ground model 1,1~ o = 2"- = 

N~+,. Hence  in spite of the fact that the power function is the same in the two 

models the gimel function is different and the counter example is the least 

possible, namely N,~. 

This remark  solves a problem of Bukovsky [1]. 

w Notations and preliminaries 

We assume acquaintance with basic set theory. Jech 's  [6] is a very good 

reference to our notations and terminology. We reserve the use of lower case 

Greek  letter, except 7r and X to ordinals. K is always a cardinal and i, j, l, n are 

always natural numbers.  For a set A, I A I is the cardinality of A. If A is a set of 

ordinals, then otp (A)  is the order type of A and sup A is t3 A. a § is the least 

cardinal greater  than a. a § is defined by induction a +~ a, a § = (a+8) +~ 

and if 6 is a limit ordinal a +* = sup{a  +8 I 7 < 6}. a ~ is the cardinality of the set 

of all functions f rom/3 to a. a is strong limit if 2 ~ < a for all/3 < a. 2g (a  to the 

weak power /3)  is sup~<o a ~. The cofinality of a (cof (a ) )  is the minimal ordinal/3 

such that a = s u p A  for some set A C _ a  and o t p ( A ) = / 3 ,  a is regular if 

cof ( a )  = a, and singular otherwise; cof ( a )  is always regular. P(A) is the power 

set of A, i.e., the set of all subsets of A. P,(A) is the set of all subsets of A of 

cardinality less than K. Note  that both P(A) and P,(A) are partially ordered by 

the inclusion relation. 

We assume to a very considerable extent that the reader has some experience 

with forcing techniques. (For reference see either [6] or [20].) We differ f rom the 

usual practice by understanding the partial order on the forcing notion to mean 

that a larger condition gives more  information about  the eventual generic 

extension of the universe. The ground model  is always denoted by V and we are 



Vol. 28, 1977 SINGULAR CARDINALS 7 

not committing ourselves to assume that V is the whole universe and the 

extension is a Boolean valued model or to assume that V is a countable model 

and the extension is a two-valued model. The extension of V that we get by 

forcing with ~ is always denoted by V[G] where G C_ ~ is a V generic filter 

over ~. Every element of V[G] is a realization by G of some name of it that lies 

in V. (In the Boolean valued version a name of a is any representative of the 

equivalence class of a. In the two-valued version of [20] a name of a E V[G] is 

any c E V such that Kc (c) = a where the function K~ is defined in [20].) The 

forcing language is the language of set theory extended by the introduction of a 

constant for every name in V. For every element a of V, we have the standard 

name of a, 6, which always realized as a. As a general practice we shall not 

distinguish between the name of an element of V[G] and the element it denotes. 

The forcing relation, denoted by IF, is weak forcing. 

If 7r is a forcing condition and qb a statement in the forcing language of the 

form 3x  ( ~ ( x ) ^  x is an ordinal) then we say that zr decides qb if rr IF~(&) for 

some ordinal a. 

If A is a set of ordinals such that, A ~ V[G] then V[A] is the minimal model 

M of ZFC such that V C_ M C_ V[G] and A E M. If F is an automorphism of the 

forcing set (as a partially ordered set) then F naturally extends to the class of all 

names (see [6] or [20]), so that: 

7 r lFqb(a , , . . - , a , )  if and only if F r r lFqb(Fa l , . . . , Fa , ) .  

Moreover,  if A is a set of ordinals in V[G],  which has a name which is invariant 

under F, then every element of VIA] has a name which is invariant under F. 

Actually given a name for A, we can find for each element of V[A] a name 

which is invariant under every automorphism which preserves the given name 

for A. 

Given a set A, an ultrafilter U on P,(A) is called normal if 

(a) U is K complete (i.e., U is closed under intersections of less than K 

members);  

(b) For every a ~ A ,  t h e s e t  { P E P , ( A ) I a E P } ~ U ;  

(c) Every choice function on P. (A)  is almost constant with respect to U, i.e., 

if f is a function on P,(A) such that for P ~  f(P)E P then there exists an 

a E A such that {P I f(P) = a}E U. 
K is A-supercompact if there exists a normal ultrafilter on P,(A). K is 

supercompact if it is A-supercompact for every A. Note that if K is A-  

supercompact for some A such that K =<JA I then K is measurable. The 
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definitions of a normal ultrafilter on P. (A)  and on supercompact cardinals were 

introduced in [17]. See also [11] since [17] is still unpublished. 

For P E P.(A), and t~ an ordinal a _-< A define a(P)  = o tp (P  O a) .  As shown 

in [17] (see also [11]), if one forms the ultrapower VP.(~)/U where U is a normal 

ultrafilter on P,(A), then it is well founded and for a _-<h the ordinal a is 

represented in the ultrapower by P--~ a(P).  From these remarks there easily 

follows: 

LEMMA 1.1. Let U be a normal ultrafilter on P.(A ) where h is some ordinal 

r <_- h. Then 

(a) {P E P~(A) I r ( P ) =  P N K and it is an inaccessible cardinal}E U. 

(b) If  ot <- h is a cardinal (a regular cardinal) then {P E P~(A) I a(P)  is a 

cardinal (a regular cardinal)} E U. 

(c) If 3' < r and a, fl <= hot *~ = [3 then {P E P~(A) I a(P)  § = [3(P)}~ U. 

(d) If  a,[3<=h and either (i) 2 ~=[3  or (ii) 2~<[3  or (iii) 2~>[3  then 

respectively 

(i) {P~P~(A) I2~(P~=[3(P)}~U,  

(ii) {PEP~(A)I2~(P)>[3(P)}~  U, 

(iii) {P ~ P,(A) I 2~(P)< [3(P)}E U. 

If P, Q are in PK(A) and P _C Q then P is strongly included in Q, or Q strongly 

includes P (P C Q) if P _c Q and otp (P) < otp (Q n r) .  Note that this relation 

depends on r, but we shall not mention K since it will be constant in most 

applications. If U is a normal ultrafilter on P,(A), then condition (c) in the 

definition of normality implies a seemingly stronger condition: 

Let F be a function from P,(A) into P,(A) such that for all P ~ O  F ( P ) C P  

then F is constant on a set in U. By arguments similar to those given in [8] one 

can show that if for every Q ~ P,(A), Ao E U then {P I P E n o ~ J . A o } ~  U. 

(This last set is called the diagonal intersection of the system {Ao I Q ~ PK (h)}.) 

The notion of a normal ultrafilter on P,(A) generalizes the notion of normal 

ultrafilter on r (see [8]) and like it, it can have nice partition properties, (Menas 

[15]). Let B C_ P ( A  ), then [B] E'~ is the set of all n elements of subsets of B, which 

are totally ordered by inclusion, [B] <~ is U~<,o[B] I"1. 

THEOREM 1.2. ([15]) Let r be A supercompact, then there exists a normal 

measure U on P, (A ) such that if F is a partition of [P, (A )]<" into some set of 

cardinality less than K then there exists a set B, B E U such that for every n < to, F 

is constant on [B] t~l. 

Actually, for the sets A we shall deal with, it can be shown that every normal 

ultrafilter on P , ( A )  has the partition property described in Theorem 1.2. 
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Given two regular cardinals a and /3, the standard forcing notion for 

collapsing/3 to a + is Col(a ,  13) which is the set of all functions f whose domain is 

a subset of a • {3' I is a cardinal, a < 3, </3} such that for (3', p) E Domain (f), 

f(3', p)E/9.  And the cardinality of f is less than a. Col (a,/3) is partially ordered 

by inclusion and it is closed under unions of increasing sequences of length less 

than a. The cardinality of Col(a , /3)  is clearly 13 3. If 3'~ </3 for every 3' < /3  then 

Col (a, /3) satisfies the/3 chain condition, i.e., every set of mutually incompatible 

elements of Col(a , /3)  has cardinality less than /3. Note that if a < 3' </3 then 

Col (a, 3') C_ Col (a, 13) and if f E Col (a,/3) and the Domain (f) _C a x 6 then 

f ~ Col (a, 6). Hence if/3 is a limit cardinal, f E Col (a,/3) then f E Col (a, 6) for 

some 6 </3. 

The intuitive motivation for Col (a,/3) is that f(& 3') for fixed 3' is a partial 

information about a function which maps a onto 3'. It is well known (see [6] and 

also [23] where Col(to, r )  is used) that using Col(a , /3)  as a forcing notion 

generates a model in which/3 _-< a § and there are no new 3' sequences of ordinals 

for 3' < a. If 3' ~ </3  for all Y </3  then/3 is still a cardinal in the extension, hence 

/ 3  ~ a + , 

w The forcing conditions 

As described in the introduction we start by proving Theorem 1 (a). We are 

given the natural number k and we want to construct a model in which N,~ is a 

strong limit cardinal and 2 "~ = N~+k. We assume that we are given a ground 

model, V, in which there is a cardinal K such that: 

(a) 2 ~ = r§ 

(b) r is K +~k-" supercompact. 

It follows from [21] (see also [14], Ch. 4) that this is consistent with the existence 

of a supercompact cardinal. Actually it is enough to start from the assumption 

that there exists r such that r is K+k supercompact. 

Our  forcing notion, that we define in this section, will be a generalization of 

that of Prikry [16] and it changes the cofinality of each one of r, r +~, �9 �9 ", r +ck-n 

to co simultaneously (hence collapsing r +1, +2 +(k--l) r , ' ' ' , r  to r ) .  We shall keep 

denoting these ordinals by K % i = 1 , - . . ,  k - 1 though r +' in the sense of V [ G ]  

is of course different. Since r will become also No, in the sense of V [ G ]  we shall 

denote r +' in the sense of V [ G ]  by 1%+,. 

Besides this change of eofinality, many cardinals less than K will be collapsed 

such that in the extension r will become 1,1,o, while preserving its strong limit 

status. On the other hand we are able to show that K +k is not collapsed. V [ G ]  is 

not the model we are looking for since in it 2"- = N,o+~. The model we are looking 
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for, which is a witness for the truth of Theorem 1 (a), is a certain submodel of 

V [ G ]  to be described in the next section. The present section is devoted to the 

construction of V [ G ] .  

Let U be a fixed normal ultrafilter on P,(K+t~-~ which satisfies the conclu- 

sions of Theorem 1.2. (In this case any normal ultrafilter will do.) Let D be the 

set {P E P~(K +~k o) 1 P ~ K is an ordinal which is an inaccessible cardinal and 

(K+'(P)) + = K+'+'(P) for 0 =  < i =< k -2} .  By Lemma 1.1 D G U. 

DEFINITION 2.1. ~ (the forcing notion we shall use) is the set of all finite 

sequences of the form rr = (P, ,  . . ., Pt, fo, " " ", ft, A ,  G )  where 

(a) P ~ E D ,  for l<=i<-_l, P, C P~+, for 1 < = i < = 1 - 1 ,  

(b) if we define K, = otp(P~ N K) then f o g  Col(to,, K,), f, E Col(K? k, K,+I) for 

1<<_i<=1-1 and f tECoI(K;-* ,K)  (note that since K is a limit cardinal 

E Col(K7~,/3) for some /3 < K), 

(C) A C_D,A E U and for every Q E A, P~CQand . f tECo l (K; -k ,  QC~K), 

(d) G is a function defined on A such that for Q E A G ( Q ) @  

COI((K N Q)*k, K) and if P E A, P C Q then G ( P ) E  Col((K A p)+k, K N Q). I is 

called the length of the condition ~', ( P , , . - . ,  P,) its " P  part" and (f~,- . . ,  ]~) its " f  

part".  

It seems appropriate at this point to give some intuitive motivation for the 

definition of the forcing conditions. Since we want to change the cofinality of 

every r +i to to for 0 _-< i < k we need to introduce a cofinal to sequence for each 

of them. Given the condition rr as in Definition 2.1, the finite sequence whose 

/'-th member is Sup (Pj N K § is an approximation to the sequence cofinal in K+( 

A is the set of possible candidates for extending the sequence PI, �9 �9 ", Pt, i.e., all 

future members will be picked from A. The assumption A ~ U guarantees that 

this set of candidates is large enough. Since we want to transform K to N,o we 

have to collapse many cardinals below K, and our forcing conditions are 

supposed to collapse every cardinal which is strictly between COl and K1 to to,. f0 is 

a partial information about such a collapse. Similarly we collapse every cardinal 
+ k  K ~k strict ly between K, and K2 to �9 f l  is a part ial  in format ion about this collapse. 

Note that we are leaving K,, K~," �9 ", K~ -~k-~ with collapsing. The reasons should 

be clear from the proof of the main technical lemma which is Theorem 2.6. The 

role played by f2, '" ",ft-, is the analogue of f, for K;k, K3; K~k, K4; " '"  respec- 

tively. ~ is supposed to be a partial information about the collapse of the 

cardinals between K; -k and KI.~. But we do not know yet what is Kt+~, hence we 

assume it is in Col(K~ -k, K) and the conditions imposed on A guarantee that no 

matter  which element of A is picked as P~+~, ft§ ~ CoI(K~ k, KH). 
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By G we are making ano ther  commi tment .  G(P) will be of significance just in 

case we decide at some future  condit ion to use P as P, for  some l < n. In that 

case f ,  will have to ex tend  G(P). Hopeful ly  these remarks  should be a sufficient 

mot ivat ion for the following definition of the partial  order  on ~. 

DEFINITION 2.2. Let  7r, T r ' E ~ ,  7 r = ( P l , " ' , P , , f o , . " , f , , A , G ) ,  
(Q, ,"  �9 ", Q,, g o , "  ", g~, B, H) .  We say that 7r' extends 7r (Tr _-< ~-') if 

(a) n =< l and Q~ = P~ for 1 =< i =< n, 

(b) f~ C_ g, for  0 -< i =< n, 

(c) Q, E A  and G(Q,)Cg, for  n<i<=l, 

(d) B C_ A, 

(f) for  every  P C  B, G(P)C_H(P). 

,B-t= 

DEFINITION 2.3. Let  7r and 7r' be as in Definit ion 2.2 7r _-< ~". Let  0_-< j _-< n, 

then 7r' is called a ]-direct  extension of rr if 

(a) f~--g,  forj<-_i<=n, 
(b) G ( Q , )  = g, for  n < i _-< l, 

(c) B = { P 1 P E A ,  QtCP},  
(d) for P E B, G(P) = H(P). 

~" is a direct extension of ~- if it is a 0-direct extension of ~-. 

Note  that if 7r' is a ] -direct  extension of rr then it is uniquely  de te rmined  by 

go,"' ,gj  ~ and Q , + , . . . , Q t ,  hence  we call rr' the ]-direct  extension of ~r 

de te rmined  by (g,,, � 9  gj-~) and ( Q . §  �9 �9 Q~). (In case j = 0 omit  ment ioning j 

and ( g o , "  ", gj 1)). The  dual of a ]-direct  extension is given by the following 

definition: 

DEFINITION 2.4. Let  7r and ~r' be  as in Defini t ion 2.2 rr _-< ~", 0 _-< j -< n, then 

~-' is called a ]- length preserving extension of 7r if 

(a )  n = 1, 

(b) fi = g ,  for  0_ -< i< j .  

Note  that if ~" _-< rr' then there  is a unique 7r" such that 

(a) 7r_<-rr"--<1r ', 

(b) ~'" is a ]-direct  extension of ~', 

(c) rr' is a ]- length preserving extension of ~'". 

We call this unique ~"  the j-interpolant of rr and rr'. Note  that if rr _-< rr' =< ~'" 

then the j - in te rpolan t  of ~" and rr" extends the j - in te rpo lan t  of 7r and ~'". Also 

note  that if ~-" is the j - in te rpo lan t  of ~" and rr', then the j - in te rpo lan t  of ~'" and 

rr' is rr" itself. ~" restricted to j is ( P , , . . . ,  Pj, fo , ' "  ", ~-,),  deno ted  by ~ r j. 
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LEMMA 2.5. Let 7r, j be as in Definition 2.4 (~r~ 1 3' < A) is a sequence of  

j - length preserving extensions of  zr where for /3  <= % 7rr <= 7r, and )t < K~; ~k-" if 

j > 0 and )t < co if j = O. Then there exists 7r' which is a j- length preserving 

extension of each ( zr, 1 3  ̀< )t ) and of  7r. 

PROOF. Let z r = ( P , , . . . , P , , f o , . . . , A , G )  and 3 `<3 ,  7 r , = ( P 1 , . " , P , ,  

f o , . . . , f j _ , f T , . . . , A ' , G ' ) .  Define 7r' by (P,,...,Po, fo,...,~_,,gj,...,g,,B,H) 
where g, = I,.),<~f;,, j _<_ i =< n (here we used )t -< K7 ~-1) since CoI(K~ k, g,§ is 

closed under increasing unions of length at most K~ ~-~), B = I~ ,<~A" and 

H ( P ) =  I,_J,<~G~(P) for P E B. (Here we used the K completeness of U, for 

inferring B E U.) Clearly 7r' is the required condition. 

The main technical device that we shall use is the following theorem: 

THEOREM 2.6. Let zr be a condition of length n and j <= n. �9 is a statement of  

the form 3x  (x is an ordinal ^ ~ ( x  )) in the forcing language for ~ then there is a 

j- length preserving extension zr, 7r' which decides �9 up to j-direct extensions, i.e., 

if zr' <= w " and 7r" decides ~ ,  then the j-interpolant of 7r' and rr" decides ~ .  

PROOF. We shall break the proof into two lemmas. The first lemma will 

follow from the second. The theorem follows immediately from the first lemma. 

LEMMA 2.7. Let �9 and zr be as in Theorem 2.6. Let rl be the restriction to j o f  

some extension of  7r. Then there exists a j- length preserving extension zr' of  zr for 

which Theorem 2.6 holds for every 7r" satisfying 7r I j = 71. 

PROOF OF THEOREM 2.6 FROM LEMMA 2.7. It can be easily verified that the set 

{'0 I r/ is a restriction to j of some extension of zr} has cardinality Kj, because it is 

easily seen to have the same cardinality as Col (to1, K~)X Col(K[ k, K2)X, . . . ,  X 
+ k  Col (Kj_~, Kj). All of {Ki I 1 < i =< j} are inaccessible and Col (a,/3) for inaccessible 

13 has cardinality /3, hence the cardinality is K~ X KS,'" ", X Kj = Kj. 

Let (r/, 13  ̀< KS) be an enumeration of this set. By induction construct an 

increasing sequence of conditions (zr, 13  ̀< Kj) each of which is a j-length 

preserving extension of zr. zr0 = 7r; for a limit ordinal ~-, is any j-length 

preserving extension of zr which is also an extension of zra for/3 < 3'. (~-, exists 

by Lemma 2.5.) For 3' = 8 + 1, 7r8§ is a j-length preserving extension of ~-~ 

(hence of zr) which satisfies the conclusion of Lemma 2.7, where we replace r/ by 

r/8 and zr by 7r8§ in the statement of the lemma. 

Let 7r' be a j-length preserving extension of zr which is also an extension of 7r~ 

for/3 < Kj. (Again use Lemma 2.5.) 7r' satisfies the requirements of the theorem 

because if zr'_- < 7r" and 7r" decides �9 (let us say, zr It- ~(/3)) then let "q8 = zr [ j  for 
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some  8 < Kj. By our  cons t ruc t ion  7r~§ _-< ~'", hence  by the definit ion of zrs§ the 

j - in t e rpo lan t  of zr,+~ and zr forces ~ ( & )  for some  a, but since the , / - in te rpo lan t  of 

7r' and ~ "  extends  the j - i n t e rpo lan t  of ~'~§ and zr", we get that  the , / - interpolant  

of zr' and ~-" forces ~ (&) .  [ ]  

We still have  to pay the deb t  of p iov ing  L e m m a  2.7, for  which we need:  

LEMMA 2.8. Let d~, 7r and 71 be as in Lemma 2.7 where the length of zr is n and 

1 is a fixed natural number, then there is a ./-length preserving extension of 7r which 

satisfies the conclusions of Lemma 2.7 for every ~r" of length n + I. 

PROOF OF LEMMA 2.7 FROM LEMMA 2.8. By induction on 1 < to we const ruct  an 

increasing sequence  (Tr~ I 1 < to) of j - l eng th  preserv ing  extensions  of rr. ~'0 is zr 

and 7rt+l is a j - l ength  preserv ing  extension of 7n which satisfies the conclusions of 

L e m m a  2.8 where  we replace  7r by 7r~. Let  7r' be  a j - length  preserv ing  extension 

of n- which is an extension of rrt for  every  l < to. (Again L e m m a  2.5 is used.)  zr' 

satisfies the r equ i r emen t s  of L e m m a  2.7 because  if l r '_ -  < 7r", zr"ll-",It(/3) for  some  

/3 where  the length of ~'" is n + 1 for some  1 < to, then "77"/+ 1 ~ "]T t' and by the 

definit ion of zr,§ the , / - interpolant  of ~'~+~ and 7r" forces ~ ( & )  for  some  a, but  the 

in te rpolant  of ~" and ~'" ex tends  this last in te rpolant  hence  the j~  of 

zr' and 7r" forces  ~ (&) .  [ ]  

PROOF OF LEMMA 2.8. The  p roof  is by induct ion on I. Le t  17"= 

(PI,'" ", P,,fo,'" ",fn, A, G) ,  l = 0. Dist inguish two cases: 

Case I. There  is zr", ~- _-< 7r" which is of length n such that  7r I . / =  71 and 7r" 

decides ~ .  Fix such 7r" where  7r"= (P~, . . . ,P , ,  go,"  . , g , ,B ,H) .  Let  z r ' =  

(P~," �9 ", P,, f0," �9 ", fj-~, gj," �9 ", g,, B, H) .  Then  ~-' is the requi red  condi t ion which 

satisfies the conclusion of L e m m a  2.8 for  I = 0, since every  extension of ~ ' ,  

whose  restr ict ion to j is 77, is an extension of 7r". 

Case II. Case I fails, let z r ' =  ~'. The  l e m m a  is vacuously  true, since there  is 

no extension of zr of l'ength n + 0 which decides qb, and whose  restr ict ion to , / is  

"r/. 

The induction step. Assume  that  the l e m m a  holds for  some  fixed l and for  all 

n and the condi t ion ~- of length n. A n d  we shall p rove  it for  l + 1. So given 7r of 

length n, zr = (Po," �9 ", P,, fo , ' "  " , f , ,  A,  G) .  Since the part ial  o rde r  C on D is well 

founded  (P  C Q implies K f3 P < K N Q )  we can ex tend  it to a well order ing  of 

D. Let  ~< be this well order ing.  By induct ion on ~< restr ic ted to A, we define a 

sequence  of condi t ions  (Trp I P ~ A )  where  ~'o has the form:  
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O O (I) fro = (P,," " ", P., O, fo," " ", fj-,,f~," " " , f . , f  , B ~ H~ 

(II) rr < zro, 

If T,Q, S E A ,  T C S ,  O C S  and S E B T N B  ~ then Hr(S) and 

(III) H~ are compatible. (Actually if T~< 0 then Hv(S)C_ H~ 

Note that each 7rp is an extension of 7r of length n + 1 such that 7re I j  = 7r Fj. 

Assume we already defined 7to for Q% P such that (I), (II), (III) hold for every 

Q ,T %P .  Note that we picked the order % such that if Q C P ,  Q E A ,  then 

0 %  P, hence 7to is already defined for all Q c P. 

Define Xe = (P1," ",P,,P, fo," ",f,,ge, Ae, G e) where gP = U{H~ Q c 

P, Q @ A }  (in case P ~ B  ~ we understand H~ A e= 
{T I T E A  M{B~ I Q c T, Q% P}, PC T}. Note that by the normality of U, 

A e ~  U (we use the notes before Theorem 1.2); 

GP(T) = U{H~ O C_ T, O <. T} for T E A P } .  

Xe is a condition: geECoI((PNK)§ since each Ha(P) is in 

Col ((P f3 K) *k, K), any two of them are compatible, by the induction hypothesis 

(III), and the cardinality of {H~  [ O c P, Q E A } is at most the cardinality of 

{O I Q C P} which is IPI P~-~-~. Since [P[ = (P M K) +'~-') and P N K is inaccessible, 

I P[ r~-~ can easily be seen to be [P I= (P M K) +~*-1~. Thus we proved that 

gP E Col((P M K)+E,K) since Col((P M K) § K) is closed under unions of less 

than (P M K)+~ compatible elements. (By the way, this is the point where we use 

the fact that we start collapsing from K?k.) Similar argument shows that 

Ge(T) E Col((TMK)+~,K). The other clauses in Definition 2.1 can also be 

verified to hold for Xe. 

Now apply the present lemma for l, where instead of ~" we have Xe and instead 

of n, n + 1. (The induction hypothesis is that the lemma holds for l and any 
condition zr.) We get Xe --< or' which satisfies the conclusion of the lemma for l, Xe 

and n + 1. Define 7re to be this rr'. (I), (II), (III) are not violated by this definition 

of rrp : (I) because 7re is a j-length preserving extension of Xe, (II) because 7r =< Xe, 

and (III) because of the particular way in which we defined Ge(T). (Of course 

G"(T) C_ HP(T) for every T ~ Be.) This completes the inductive definition of 

the sequence (~'p I P ~ A). 

We are now ready for the definition of the condition ~" which will be a witness 

for the lemma for rr, l + 1, and n. The first step is to observe that there exists a set 

B E U (B _C A)  such that for P ~ B, f~ , . - - , f~  are constant. For j =< i <_- n, 
Ki§ f f fECol(K~ k, K~+~) and [CoI(KTk, K.+I)[ = K~+~ = K,+I< K, hence by the K com- 
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pleteness of U we can find B, _C A, B, C U, for which if,. .-,f,~_~ are constant. 

For all P E A f,eE Col(K ]k, K N P), therefore since K n P is inaccessible f,PE 

COI(K, +k, a~.) for some ap < K n P. (Hence ap ~ P n K.) By normality of U there 

is a set B2 E U, B2 _C B~ such that on B2, ap is constantly equal to some a < K. 

Since the cardinality of Col(K,+~,a) is less than K, again we can involve the 

completeness of U, and get B C B2, B E U such that for P E B, f,~ is constant. 

Let gj,. �9 g, be the constant value of i f , -  �9 f,~ for P E B. 

rr' is defined to be ( P . . " , P . ,  fo , ' " , f j -1 ,  g s , ' " , g . , C , H )  where C =  

B N { P I  P E  n { B ~  Q E A ,  O C P } }  and H ( P ) = f P  for P E C .  

Note that by our definition of fP 

(IV) { H ~  Q C P } C f f  and G ( P ) C f f .  

We claim that 7r' satisfies the lemma for l + 1. Clearly zr _~ 7r' (note that for 

j -< i -< n, f~ _C g~). And it is a j-length preserving extension of 7r. Let 7r' < 7r", zr" 

of length n + (l + 1), ~- Ij  = rl and 7"r" decides 49 (i.e. 7r"lk ku(6) for some a).  Let 

X be the j-interpolant of 7r' and ~-", hence X is the j-direct extension of zr' 

determined by (ho, �9 �9 ", hi-l) and (P, Q , .  �9 Q~) for some P, Q1,'" ", Q~ E C. Note 

that since 7r Ij = "O, ( P , ' "  ", Pj, h0, '" ", hi_l)= "q. By our construction of ~ ' ,  

m,=<X=<~'" because Q ~ , " ' , Q t U C  and P c Q ~ c Q 2 C Q ~  implies 

Q,, ' "  ", Qt E B e, H P ( Q )  C_ H ( Q )  by (IV), f,"= g, for j  = i _--- n, and H ( P )  = f t .  

Now use the definition of 7rp, ~-p =< 7r", zr Ij = rl, ~'" decides 49 and 7r" has 

length (n + 1)+/,  therefore the j-interpolant of 7rx. and 7r" (denote it by X') 

decides 49. But the j-interpolant of X and zr" (which is X itself) extends the 

j-interpolant of x~. and ~'" which is X', hence h" --< X and h' decides 49. [] 

COROLLARY 2.9. Let zr be a condition of length n, j <- n, IX _~ Kff k-" and b be a 

name which is forced by zr to be a function with domain tx and whose values are 

ordinals. Then there is an extension r of zr such that for all 7r' <= zr" and )t < Ix if 

zr"lk b(,() =/3 for some ~, then the j-interpolant of 7r' and zr" forces b(~)  = ~. 

NOTE. Intuitively this corollary implies that every function from Ix _-< K~ ~k-~) 

into ordinals is generated by the " P  part" of the generic filter and by the first j 

coordinates of the " F  part" because given the function named b, we can find in 

the generic filter a condition 7r' for which the corollary holds, and 'if we want to 

get information about the value of b(,~) we just have to know the j-direct 

extensions of zr' which lies in the generic filter. But these j-direct extensions are 

determined by the " P  part" and the first j-coordinates of the " F  part". 

PROOF OF COROLLARY 2.9. By Theorem 2.6 and Lemma 2.5 construct an 

increasing sequence of j-length preserving extensions of lr (zr~ [)t < Ix) where 
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7to= r 7r, for  limit A is any j - length  preserving extension of (Tr~ l y  < A )  

( L e m m a  2.5) and 7r,+~ is a j - l ength  preserving extension which satisfies T h e o r e m  

2.8 with respect  to 7r,, and the s t a t emen t  3 x  (b( ,()  = x).  Let  7r' be  a c o m m o n  

extension of all the m e m b e r s  of (Tr, I A < / z )  by L e m m a  2.5 (note that  

/z -< K{r 7r' is the requi red  condi t ion because  if r  < 7r", 7r"lF b(,~) = /3  for  

some/3 .  7r~ -< 7r' =< It", hence  the j - in t e rpo lan t  of 7r~ and rr", X, forces  b( , ()  = 3~ 

for  some  y, but we must  have  y = /3  because  7r < 7r~ =< X - 7r" and 7r forces  b to 

be a function.  If X' is the j - i n t e rpo lan t  of rr '  and rr" we have  AV =< X', hence  

X'l~ a(~) = ~. [ ]  

w The model 

In this section we verify that  a certain submode l  of V [ G ] ,  where  G was V 

generic  over  ~ ,  is the right mode l  which yields the consis tency result of T h e o r e m  

1 (a). Before  we descr ibe  the submode l  we need some  informat ion  abou t  V[G] .  

If G is V generic  over  3 ~, then clearly for  every n we have  a condi t ion in G of 

length n. W e  define the " P  pa r t "  of G to be  the union of all " P  pa r t s "  of 

m e m b e r s  of G and it is an infinite sequence  (P,  I n < w, n ~  0). Similarly we have  

the sequence  (K, = P, f'l K t n < co, n g  0). For  every n < co let 

F.  = U {f I Some  7r in G has the fo rm ~- = (P , , .  �9 P~, f , , . . . , / 5 ,  A,  H )  

with n = l where  f.  = f}. 

F .  is clearly a funct ion which by s tandard  forcing a rgumen t s  (see [6], Mode l  VI)  

can be shown to have  domain  K, +~ • {y I K"+k < Y < K,+,, y is a cardinal} and range  

K.+I. M o r e o v e r  for  every fixed cardinal  y, K: k < 3' < K,+I, F(a ,  y )  as a funct ion of 

a is a funct ion f rom K, +k onto y. H e n c e  in V [ G ]  no y be tween  K. +k and K,+j is a 

cardinal.  (La ter  we show that K: ~ and K.+, are cardinals  in V [ G ] . )  The  sequence  

(F,  I n < w) is called the  F par t  of G. 

The  next  l e m m a  gives some  informat ion  abou t  cardinals  in V[G]  above  K. 

LEMMA 3.1. Let (P, [ n < co) be the P part of  a V generic filter over P. Let  

0<= i <= k - 1, then Sup({P.  fq r + ' l  n < co}) is cofinal in K § In particular (K, = 

P 71 K .o I n < oo) is cofinal in K. 

PROOF. Let  a ~ K  +' and let 7 r ~ . W e s h o w t h a t  zr can be ex tended  t o a  

condi t ion which forces for  some  n < co that  S u p ( P ,  rl K+')>o~. If zr is 

(P~," �9 ", PJ, fo," �9 ", It, A, H) ,  pick P to be  a m e m b e r  of A containing a + 1, which 

exists since A E U and U is a no rma l  ultrafil ter ove r  P~(K+tk-1~). Let  zr' be  the  

direct extension of 7r de t e rmined  by P. Clearly ~-'IF Sup (P~§ f~ K +') > O~. [ ]  



Vol. 28, 1977 SINGULAR CARDINALS 17 

H e n c e  in V[G], K § for  1 = < i <  k has a cofinality co the re fo re  none  of 
+1 + 2  7 + ( k  I )  K ,K " " , K  can be a cardinal  in V[G]. 
Let G be V gener ic  ove r  ~.  Let  G I j be  the set 

{(f,,," ", fJ-,)l Some  re E G has the fo rm ( P , . .  ., P~, f,,,.. ., ft, A, H)  

with j_-< 1 f o r s o m e ~ + ~ , . . . , f t ,  A , H } .  

The  reader  should have  no difficulty in verifying that G r j  is v gener ic  ove r  ~j 

where  ~i is Col (oJ,, K ~) x Col (K ~-k, K:) • �9 �9 �9 • Col (K ~k, Kj) which is a part ial ly 
+ k  

orde red  set in the natura l  extens ion of the part ial  o rder  on CoI(K~ , K,+~) (see 

[20], section 8, where  similar a rgumen t s  are used). 

The  next t h e o r e m  shows that  every b o u n d e d  subset  of K in V[G] is in 

V[G [ j ]  for  j < w large enough.  

THEOREM 3.2. Le t reE~ ,banameandTr l kbC_~where t z<=K~k- '~ fo r some  

j, and the length of re is at least j. Then re Ik b ~ V[ G I j ]. 

Pr~oov. We  show that  every extension re' of re has an extension X and a 

name,  c, in the language of ~j such that  )C Ike = b. (Note  the c can be 

cons idered  also to be  a n a m e  for  Y' whose  real izat ion is K~r~(e). If we know G, 

we know of course  also G r j.) 

Natural ly  we can consider  b to be  real ized as a function f rom ~ into {0, 1}. 

Hence  we can use Corol la ry  2.9 for  re' instead of 7r, and get an extension 7r' _-< X' 

such that for every A C/x  if X ' =  < X" and x"lk b(A) = i for some  i E {0, 1} then the 

j - in t e rpo lan t  of X' and X" forces  the same  s ta tement .  

Let  X ' = ( P , , . . . , P , ,  f,,, . . ., f,, A, H). We d e f n e  a par t i t ion of [A]  <~ into 

P ( ~ j  x ~ z 3). No te  that  the cardinal i ty of ~j is Ki, hence  the cardinal i ty of 

P ( ) j  x / s  x 3) is 2 "j+"+3 which is less than K. The  par t i t ion F is def ined by: 

F({Q~,. . . ,Q~}) is the set of all triples of the fo rm 07,) t , i )  where  r/ E ~ i ,  

77 = ( g , , , " ' , g s - ~ )  where  f~ C g, for  0=< i < j ,  A E /~  and i E 3 such that  

(a) if i = 0 the j -d i rec t  extension of X' de t e rmined  by 7/ and ( Q , . . . ,  Q~) 

forces  ~ E b (which is the same  as b(A) = 0), 

(b) if i = 1 the j -d i rec t  extension of X' de t e rmined  by r/ and ( O , , ' "  ", 01) 

forces  ~ E b (which is the same as b(A) = 1), 

(c) if i = 2 the j -d i rec t  extension of X' de t e rmined  by 7/ and ( O ~ , ' " ,  Oi) 

forces  ne i ther  .~ C b nor  ~ ~ b. 

Now use T h e o r e m  1.2 for  the par t i t ion F and get a set B, B C_ A, B E U such 

that  for  l < w F is constant  on [B]  ~. Let  this constant  be E~. Note  that  if for  some 

-q,A (rt, A, 1 ) ~  Et, then for no l '  and no r t '  compa t ib le  with r/ can we have  



18 M. MAGIDOR Israel J. Math. 

(r/',A, 0)E Er, otherwise if rl" is a common extension of ~7 and rl', and 

m = max (l, l'), pick Q~ _c , . . . ,  O,,, Q, E B, then the ]-direct extension of X' 
determined by r/" and (Q1,"" ", Q,,) forces A E b (since it is an extension of the 

]-direct extension determined by "q and ( Q I , ' " , Q ~ )  and (r/,h, 1 )EEt  = 

F({Q1, �9 �9 ", Qt}). On the other hand it forces A ff b (since it is an extension of the 

]-direct extension determined by r/' and ( Q 1 , ' " , Q r )  and (r/ ' ,h, 0 ) E E r =  

F({Q1,"" ", Qr}), which is a contradiction. 

Define the condition X to be (P~,- . . ,P , ,  fo,'" . , f , , B , H [ B ) .  We claim that X 

forces b ~ V[G [j]. Let c be a name for 3~j which is always realized as the set 

(where (~ is V generic over ~/ such that (f0,'" ",~ i )~  (~) 

(I) {A [ h </x, for some 1 < to and rl E (~ (r/, A, 1) ~ E~}. 

Note that if G is V generic over ~j and A </x  then either (rl, A, 1) E E~ for some 

r / E  0 and l, or (r/, A, 0) E E~ for some "O E 0 and l (by the remarks above we 

cannot have both cases simultaneously), because if ~ E ~j, (]0,'" ",~-l) < 7, 

consider the condition in 

(PI,'" ", P,, g o , .  ",g~-l, f j , "  ",f,,, B, H r B ) ,  

where ~ = (go,"  ", gj 1) and pick an extension of it which either forces A ~ b or 

forces ,( E b. Since this condition is an extension of X' - X we have by definition 

of X' Qz, "" ", Q~ E B and ~/_-< ~ such that the ]-direct extension of X' deter- 

mined by (Q~,. �9 Q~) and ~ either forces A @/~ or it forces ,~ ~ b. Hence either 

(~, A, 1) E E~ or (~, A, 0) E E~. Therefore since "~ was any member of ~j extending 

@ , ' " , ~ - 1 ) ,  (~ must contain ~ such that for some l either (rI, A, 1)~E~ or 

(7, A, 0) E E~. What this leads to is that an alternative definition of c can be the 

name whose realization is 

(II) /z - {A I A </x, for some 1 < to and r 1 E/~, (7, A, 0) E E~}. 

X forces that the realization of b by G is the same as the realization of c by G I ]. 

Assume otherwise, then there exists X <,~ and A < /z  such that either 

)? IF ,( ~ b ^ ,( ff "The realization of c by G r ]"  

or  

)? IF A ~ b ^ ,( E "The realization of c by G r j " .  

Assume the first case. The treatment of the second case is completely analogous 

in view of the symmetric definition of c ((I) and (II)). 

Since X' <-- X <- f( we get that the j-interpolant of X' and )~ forces ,( ~ b. This 
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j - in t e rpo lan t  is the direct  extens ion of X' de t e rmined  by "O and ( Q ~ , . . . ,  Q~) 

where  Q1 , ' "  ", Qt E B (because  X <--)(). H e n c e  by definit ion of F, (r/, A, 1) E 

F({Q~, . ' . ,  Qt}) = E~, but  X clearly forces  r/ E G [./, hence  by definit ion of c (use 

definit ion (I)), 

X IF h ~ " T h e  real izat ion of c by G [ j "  

which contradic ts  our  assumpt ion .  Thus  we p roved  X [~- b E V[ G IS]. [ ]  

Using T h e o r e m  3.2 we can obtain  in format ion  about  the s t ructure  of the set of 

cardinals be low K as the set of cardinals  _-< K7 ~k-" is the same  in V[G] and in 

V[G r j] .  But  G [j  is ~s generic  and K1,-" ", Ks are inaccessible.  S tandard  forcing 

a rguments  (see [23] for  similar  a rgumen t s  or  [6] p. 72, especial ly l e m m a  60) show 

that  V[G IS] w~ is still a cardinal ,  the next  cardinal  is KI, then ~t~ 1+1, �9 --,  K~+k, then 
+1 + k  �9 +1 + k  K2, K 2 , " " ", K 2 , K3, " ",KS, KS , ' ' ' , K s  . H e n c e t h e s a m e p a t t e r n o c c u r s i n  V[ G ]. 

Since K has at least to cardinals  be low it (each K, is a cardinal),  be low Ks there  are 

exactly 2 + k ( j  - 1) cardinals  and the sequence  (K s [j < w) is cofinal in K, we get 

that in V [ G ] ,  K is no. 

As  for  powers  of  cardinals  be low K, again we can use T h e o r e m  3.2 f o r / z  < K 

(hence p~ = K s for  some  j < w). T h e  powerse t  of tx is the same  in V[G] and 

V[G IS]. K is inaccessible in V, hence  also in V[G r j ]  because  G I j  is ~j 

generic  and ~s has cardinal i ty  less than K, K is inaccessible in V[G  IS]. (See [9] 

for  similar a rguments . )  T h e r e f o r e  2" in V[G Ij] is less than K, but  the s ame  

holds in V[G].  So we p roved  that  K is a s t rong limit cardinal  in V[G]. 

W e  have  a lmost  arr ived at our  dest inat ion.  The  only p r o b l e m  is that  N,o of 

V [ G ] ,  namely  K, may  satisfy 2"~ = N~+I because  in V we had  2 ~ = K +k and 
+1 , K + ( k  1) K , " "  were  collapsed.  So we pass to a submode l  of V[G] which is 

V[(K, [i < co), (F, [i < co)]. T h e  pair  (K, [i < co), (F, l i < to) can easily be  coded  

as a set of ordinals.  D e n o t e  this submode l  by Vo. Since G [ j  for  every j < to is in 

Vo, Vo and V[G] have  the same  b o u n d e d  subsets  of K, hence  the same  cardinals  

be low K. T h e r e f o r e  

V0 ~ K is N~ ^ K is a s t rong limit cardinal .  

Since VC_ Vo and in V K  +~ =<2 ~ we get Vo~[K +k [--<2 "~ (note that  K +k is in 

the sense of V). O u r  final goal,  therefore ,  will be  to show that  in Vo K +~, 
+2 K+k K , . . ' ,  are cardinals,  hence  we get 

Vo~ 2 "~ --> N,,+~. ^ N,~ is a s t rong limit cardinal .  

Actual ly  we can show that  in V0 2 "~ is exactly N~+k, but  we shall not bo the r  

doing it. If we want  to m a k e  sure that  2 "~ = N~+k we can always force  over  Vo 
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with Col (K +k, (2"~) *) without  changing the cardinals below K +k or  the fact that 

No, is a strong limit cardinal. 

Let 0 =< i < k. Our  object ive is to show that in V,, K +~*~) is a cardinal. Define 

V, = V[(P, N K ~' [j  < w), (Fj IJ < o2)]. Since obviously V,,C_ V, the required 

s ta tement  follows from T h e o r e m  3.3. Note  that Vk_~ = V[G]. 

THEOREM 3.3. V, ~ K *~'~ is a cardinal. 

PROOF. If l<=i then the sequence ( P j N K * t I j < O 2 )  is in V,, therefore  by 

L e m m a  3.1, 

V,,~ K ~', K*2, �9 �9 �9 K ~* have cofinality o2. 

So none  of K*I,K * 2 , ' ' ' , K  *~ is a cardinal in V,. Assume that K § is not  a 

cardinal in V. hence it must be singular there. Let tt be the cofinality of K +..1) in 

V,. Since tt is a regular cardinal in V. tt < K +<'*'} we must have /z  < K. (There  are 

no cardinals between K and K +~*'~ so tt <= K, but we cannot  have tt = r because  

K is singular.) 

Let b be a name for a function f rom tt into K+"*'~ whose range is cofinal in 

K ~"~'~, such that this function lies in V~ = V[(Pj VI K +~ IJ < ca), (Fj ]j < o2)]. By 

the remarks  made  in w we can assume that the name b is invariant under  any 

au tomorph i sm of ~ which preserves some s tandard name for the pair  {(Pj f3 

K * ' l j < o 2 ) ,  ( F j I j < o 2 )  }. We shall be interested in a particular g roup  of 

au tomorph i sms  of ~, ~, for which it is obvious  that any reasonable  way of 

picking a s tandard name for {(Pi (3 K *~ I J < O2), ( ~  ]J < O2)} will yield a name  

invariant under  any au tomorph i sm from G. 

Let ~ be the g roup  of permuta t ions  of K *ok- ~) which are the indenti ty on K +~. q3 

can be considered to be a g roup  of au tomorph i sms  of ~, where we define the 

opera t ion  of F E ~3 on ~ as follows: If P C P.(K +~k-~) FP is F"P = {Fa ] a E P}. 

If A C P . ( K  +<k-') then F A  is { F P I P E A  }. If 7 r E ~ ,  

7 r = ( P , , ' . . , P ~ , f o , . . . , f , , A , H )  

then F ~  is 

(rP,, . . . ,  rPn,/,,,..., fo, FA, H .  r - ' ) .  

F~- is easily seen to be in ~3. (Note  that [' is the identity on K, hence  P and F P  

satisfy P fq K = (FP) r K therefore  f,, i = 0 , . . . ,  n and G �9 F-~(P) are still mem-  

bers of the right Col (a, fi) respectively.) The  only clause which is not completely  

trivial is showing that if A C U then F A  @ U. This follows from: 
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LEMMA 3.4. Let F be a permutation of a, U is a normal ultrafilter on P , ( a ) ,  

then {P I rP = P }  E U. 

PROOF. A s s u m e  otherwise .  Let  B = {P I F P ~  P} E U. For  P E B there  is 

/3p E P such that  e i ther  F/3p E P or F-1/3p ~ P. By normal i ty  of U there  exists 

C C_ B, C ~ U, and /3  E a such that for P E C,/3p =/3. By normal i ty  again pick 

P E C such that  {/3, Ffl, F-~/3} C P which contradicts /3p =/3. [ ]  

Since { P I P , A ,  F P = P } C F A  we get that  F A E  U. F def ined on ~ is 

readily seen to be  an au tomorph i sm ,  i.e., ~" _-< ~" if and only if F ~ '  -< Frr as one  

can verify by checking Defini t ion 2.2 i tem by item. The  fact that  F is one  to one  

and on to  is equally rout ine.  It is clear  that  any reasonab le  n a m e  for  

{(Pi N K +i [j  < w), ( ~  ]j  < w)} is invar iant  under  F E q3 because  F is the ident i ty 

on K+i, hence  P N K § = (FP)  M K +~ and F when  appl ied to a condit ion ~r E 

does  not change  its f part .  T h e r e f o r e  we shall assume Fb = b for  every  F E q3. 

W e  need  one  extra  l e m m a  to finish the p roof  of T h e o r e m  3.3. 

LEMMA 3.5. Let rr, rr'E ~, 

~r=(P, , . . . ,Po,  f , , , . . . , f , , a , G ) ,  7 r ' = ( O , , " ' , O , , f o , " ' , f , , B , H )  
where 

(a) for l<-_y<-n, O j n ~ + ' = P j n K  +', 

(b) for P E A (q B, H(P)=  G(P), 
then there exists F ~ qJ such that Frr is compatible with rr'. 

PROOF. W e  can assume i < k - 1 o therwise  rr and ~r' are compa t ib le  because  

(a) implies Qj = Pj for  1 =< j _-< n. W e  define F piecewise on P1 C P2 C �9 �9 �9 C_ P.. 

No te  that  for  l<-_j<=n IPj[=(P. jnK)+'k-')=(Q~MK)+'k-I~=IQj] and that  

IP, n~+'l=(P,n,,)+'=(ojn~)+'=lo, n,,+'t<lP, I=lo, l, Also IP, I<IP~I< 
�9 '" < lP ,  ], hence  for  l < = j < n  we have  

lp,+,-p,-K+'l=l(pj+,-ps)-(pj+,nK+,)l=(K npj )  +`k-,) 

(since I Pj [ < [P i+, I and I Pj+, O n +'1 < I Ps+, [)' Similarly 

I O j + , - Q j - K + ' } : ( K N Q s ) + ~ k - " : t p j + , - P j - K + i I .  

Define  F to be  the indent i ty  on K +'. On P , -  K +' pick any one  to one  funct ion 

f rom P ~ - P ,  MK +' on to  Q ~ - Q ~ M K  *~ (which exists by the equal i ty  of the 

cardinals),  and any one to one  funct ion f rom P j + , -  Pj - K +~ on to  Qj+~-  Qj - K +~ 

for  1 ~ j < n. (Again we use ] Pj+~- Pj - r *'] = I Q~+, - Q~ - I< +'1-) E x t e n d  F to all 

of K+t~-~, by picking any one  to one  funct ion f rom r + t ~ - ' - P , -  ~*t~-~) on to  

K * ~ - ' ~ -  Q,  - ~+~-'~. Clear ly FP~ = Q~ (we use Ps ~ ~+~ = QJ M K+~). 
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r ~ - i s  ( Q , . . . , Q , ,  f , , . . . , f . ,rA, G.r-'). Let  C = { P [ P E A  n B ,  F P =  P}. 

By L e m m a  3.4 C E U. No te  that  for  P E C H ( P ) =  G ( P ) =  G . F - ~ ( P ) .  

(Q~,"" ", Q., f l , ' "  ",f,, C, H I C)  is a c o m m o n  extension of F~- and of ~", hence  

FTr and zr' are compat ib le .  [ ]  

We  re turn  to the p roof  of  T h e o r e m  3.3. A s s u m e  b is forced by the condi t ion 7r 

to be  real ized as a funct ion f r o m / z  to K +"§ cofinal in K +('+~). Let  n be  the length 

of 7r. Wi thou t  loss of genera l i ty  we can assume tha t / x  -< Kj for  some  j _--< n. W e  

can apply  Corol la ry  2.9 and  get zr', zr <-_ 7r', ~ '=  ( P , . . . , P , ,  fo,'" . , f , ,A ,  G), 

such that  if 7r' =< ~'", A ~ / z  and ~-" t~- b (,~) = k for  some  a, then the j - i n t e rpo lan t  

of ~" and 7r" forces the same  s ta tement .  Fix ~ < #, let 

A ,  = {a I For  some  zr '-< 7r", zr"lk ~'(.() = k}.  

CLAIM. I A~ I ~  K+'. 

We pos tpone  the p roof  of the claim, so assume the claim. [...J~<,.A~ must  be  

b o u n d e d  in K +('+~) (note that  the sequence  {A~ I h < / z }  is in V). Let  6 be  this 

bound,  then clearly ~-'lk The  range  of b is b o u n d e d  by 6, which contradic ts  the 

fact that  ~ < 7r' forces  b to be  cofinal in K *(~+t). H e n c e  K +(~*~) is regular  in V,. 

PROOF OFTHE CLAIM. For  each a in A~, pick 7 r ' =  < 7r, which forces  ~'(,() = &. 

By the condi t ion we imposed  on 7r' we know that  the j - i n t e rpo lan t  of 7r' and  7r~ 

forces  'h-(A) = &".  H e n c e  wi thout  loss of genera l i ty  we can assume that  7r, is a 

j -d i rec t  extension of 7r'. Le t  ~7~,, Q~'," " ", QTo de te rmine  7r~ as a j -d i rec t  extension 

of 7r' (r/~ E ~j) .  As sume  I A~ I -- K +('+~). Since I~ j  I < K, we have  a subset  of A, B, 

such that  I B I = r +('+') and for  some  "q, l r/~ = r/, I. = I for  every  a E B. Similarly 

since K is inaccessible (K+')~ = K +~, the cardinal i ty of possible  sequences  of the 

fo rm (Q7 n K *~, Q7 n K+', �9 �9 -, Q7 n K +~) is at most  K +~. T h e r e f o r e  we can assume 

that  for  all a , / 3 E B ,  1 < j _ - < l  

Q~ n r +' = n ~*'. 

w., being a j -d i rec t  extension of 7r', has the fo rm (at least for  a E B )  

(P1,'" ", P,, Q L ' "  , Q7, go,"  , &-,, fj,'" , f., G(QT) , "  , G(QT), B., G IBm) 

where  ( g o , "  ",&-]) = 77. Each  G(Q~) is a m e m b e r  of Col(p ,  K) for  some  p < K, 

which has cardinali ty K. T h e r e f o r e  the cardinali ty of the different  sequences  of  

the fo rm G(QT), . . . ,  G(QT) is at most  r t = K. Thus  we can assume wi thout  loss 

of genera l i ty  that  for a, /3 E B and for  some  fixed h~,. . . ,  h, G(QT)= G(Q~) = 
hi. Fix a, 13 E B, a ~/3 ,  then 
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7r~ = ( e , , . . . ,  P,, 0 7 , . . . ,  07 ,  g o , . . . ,  gs-,,fJ,'" , f , ,  h , , . . . ,  h,,B~, G rB~), 

7r~ = (P , , . . . , e , ,  0~, '"  ", O~,go,'" ",gs-l ,~, '", f , ,  h~,..., h,,B~, G r Bz). 

W e  see that  the condi t ions  of L e m m a  3.5 are satisfied if we subst i tu te  7r~ for  7r 

and 7r~ for  or'. (Note  that  Q7 f3 K +~ = Q~ r K +~ for  1 =< j = l.) T h e r e f o r e  we can 

find F ~ 63 such that  F~-o is compa t ib le  with 7rz. 

By definit ion of 7r~ and 7r~ we have  

7r~ II- b(A) = k, 7r, II- b(A) =/3.  

Since b is invar iant  under  F we get f rom the first forcing re la t ion FTro I~- b(,~) = 6, 

but  this contradic ts  the fact that  7r~ and FTr,~ are compat ib le .  [ ]  

This comple tes  the p roof  of T h e o r e m  1 (a). 

w Making 2 "~ a little bit larger 

In this section we shall indicate  how to modi fy  the cons t ruc t ion  so as to get a 

mode l  in which ~ is a s t rong limit cardinal  while 2 "~ = N . . . .  1. W e  do not  know 

how to m a k e  2"~ even larger,  but  we expect  it to be  possible.  M a y b e  the me thods  

of [13] can be  used. T h e  exact  a s sumpt ion  that  we need  abou t  the g round  mode l  

V is that  it contains  a cardinal  t~ such that  

(a) 2 K = K +(~+'), 

(b) K is t~+" s u p e r c o m p a c t  for  every  n < w. 

Again  [21] or [14] can be  used to get such a mode l  f rom K which is K +(~+1) 

supe rcompac t .  Fol lowing the lead of w167 and 3 we change  the  cofinality of K as 

well as ~+" for  every n < to to to, hence  K+" has cardinal i ty ~ in V[G]. 
Simul taneous ly  K is made  tt~ of V[G]. In the  app rop r i a t e  submode l  we are able 

to show that  K +" (hence  K +~ as their  limit) toge the r  with K +~+1 are still cardinals,  

thus this par t icular  submode l  is a witness for  the  t ruth of T h e o r e m  1 (b). 

Since K is a s sumed  to be  K§ s u p e r c o m p a c t  for  every  n < to, fix for  every  

n < to U,, a no rma l  ultrafi l ter ove r  P~(K+"). No te  that  if P EPK(K +") then 

P E P ~ ( K " )  for  every  n < I. Ana logous ly  to w we define: D ,  -=- {P ] P N K is an 

inaccessible cardinal ,  o tp  ( P ) =  (P (3 K )+" }. 

DEFINITION 4.1. The  set of forcing condi t ions  ~ is the set of sequences  of the 

fo rm ~- = ( P , , . . - ,  P,, f0 , ' "  ",L, (A~ ] n < i < to), (G~ [ n < i < to)) where  

(a) for  l _ - < i - < n  P, EP~(K  +'), P , ~ D , ,  

for  l=<i_-<n P~GP~+1; 

(b) f0 E Col (to,, K f3 P,), 
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for 1 =< i < n f, E Col ((K VI P,)+('*'), K N Pi+l), 
L E Col((,, n e.)'~ ,,); 

(c) Aj E Uj for n < w, and for all P E Aj P,, C P, 

f. E CoI((K NP,)'("+",K NP) ;  

(d) Gj isa function definedon Aj where Gj(P) ECoI((K ('1P)+(J+'), K),where 

for every O E Aj., such that P C O, Gj(P) E Col ((K A P)+('+'), K ('1 O). 

The intuitive motivation is that (Sup(P, N K+J)I i < n) is an approximation to a 

sequence that in the generic filter will be cofinal in K +s. Aj is the set of possible 

candidates for being the ]-member of the sequence. ~ is partial information 

about collapsing most of the cardinals between K VI P~ and K r'/P,,~ leaving just 

finitely many of them. Gj(P) is a commitment we make about fj if we decide that 

the j-th member of the sequence will be P. 

We shall not bother the reader with all the details which are anyhow just a 

minor change of the development in w167 and 3. We shall just indicate the major 

steps that should be taken in order to finish the proof: 

(A) The intuitive motivation should suffice to define the partial order 

relation on ~, modeled after Definition 2.2. Similarly the definitions of ]-direct 

extensions, ]-length preserving extension and ]-interpolant naturally generalize 

to the present case. 

(B) Theorem 2.6 and Corollary 2.9 hold as stated with the obvious changes in 

the proofs. 

(C) If we use ~ as the set of forcing coriditions, in the model V[G] that we 

get, G generates a sequence (P~ l i < w) such that P~ E P,(K +~) and for n < to 

(Sup(P~ (3 K + " ) l i < t o )  is cofinal in K +" and a sequence of collapsing maps 

(F, ]j < to) such that in V[(P, A K l i < to), (~  l i < w)] K is i"l~. Hence each K +" 

is collapsed to K and therefore their limit (K +~~ is collapsed. Also in V[G], K 
(i.e. N~) is a strong limit cardinaI. This follows from the appropriate version of 

Theorem 3.2. In the proof we need a substitute for Theorem 1.2 which is 

supplied by the following theorem. We shall state it in a more general version 

than we need for this section, but it will be used in the next section. Some 

notations before the statement of the theorem: Let a < K, A~ _C P.(A,) for 

l<=i<=n, A,_-<A2_- < "-=<A.. A ~ @ A 2 . . . @ A .  is the set 

{(P, . ' '  .,P.)IP, ~ A,, 1 <=i <=n, P, C P~+, for 1 _-<i -_<n - 1}. 

Given: (A~ I fl < o~) where A t ~ P.(A~) where An --< A~ if fl _<- y then CAn I~ < 

a)  <~ is U { A ~ , @ ' " @ A ~ . I a , < a 2 <  " " < a . < a } .  
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THEOREM 4.2. Let (U~ [ 19 < a)  be a sequence of ultrafilters where U, is a 

normal ultrafilter on P, (A~), for some A~, where A~ <= A~ if y <= t9. Let F be a portion 

of (PK(A~) I 19 < a )  <~ into less than K parts. Then there exists a sequence of sets 

(A  t [19<a)  such that A t E  Uo and for a~ < . . .  < a, < a, F is constant on 

A ~ , @ A ~ 2 "  . @ A ~  . 

The proof is very similar to analogous results for measurable cardinals (see 

Rowbottom [18]). We use the closure of normal ultrafilters under diagonal 

intersections (see w We shall omit the details. We apply the theorem for the 

case a = w ,  A . = K  +" 

(D) The submodel of V[G] we are interested in is Vo where 

Vo-- V[(P, N K [i < w), (F, [i < ~o)]. 

Clearly K is N~ in Vo and it is a strong limit cardinal. The crucial point is that K +" 

(n < w), K +~ and ~:+(~+') are cardinals in Vo. Otherwise let a =< ~o + 1 be the first 

cardinal such that K +~ is not a cardinal in Vo. a must be a successor cardinal 

(otherwise K +~ is a cardinal as the limit of (K +~ [19 < a ) .  a = 19 + 1. Let 

Vo = V[(P, fq K +~ l i < W), (F, l i < w)]. Clearly V,,C_ Vo and an argument which 

essentially repeats the argument in w (using the group of permutations of K +" 

which are constant on K +~ shows that Vo ~ K +<~+" is a cardinal, hence the same 

holds in Vo, which contradicts our assumption. []  

This completes the proof of Theorem 1 (b). 

w How to handle cardinals other than 1% 

Our proof so far was in many aspects modeled after Prikry's forcing, for 

changing the cofinality of a measurable cardinal to w. For handling singular 

cardinals other than N~ and in particular cardinals of cofinality greater than o~, 

we need a generalization of Prikry's forcing by which we can change the 

cofinality of a regular cardinal to some value different from oJ, without collapsing 

any cardinals. This is exactly what was done in [12]. The basic idea of this 

section, which sketches the proof of Theorem 2, is to combine the methods of 

[12] with the methods of w167 and 3. The following "indenti ty" can probably 

describe the situation: 

w167 w 
Prikry Forcing [12] 

As in w we shall mainly describe the forcing notion which generates a model 

V[G] which is a witness for Theorem 2, and we shall let the reader bother  about 
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the details if he has no better  recreation. So let K,/3, y be as in Theorem 2 (in the 

introduction) and/3 = t~ + Z~p(6,,) ,  where (6~ I s < p) is an additive partition of 

/3 with sup(6,, J s < p ) +  1 -> y. Since y is a successor ordinal, y = 6 + 1 where 

~sup(6~ I s  < p ) .  Without loss of generality we may assume I/3[=<N~, if 

I/3 1 < Ni01 because under the assumption [/3 1 < Nr01, [/3 1 = 1% for some ~r </3 and 

we can assume X =< ~. 

DEFINITION 5.1. Let U, U be normal ultrafilters on P~(p), P~(~) respec- 

tively, where p _-< 7. We say that U is majored by 0 (U < U) if when we form 

the ultrapower VP,<"~/(J and collapse it to a transitive class M (see [19]) then 

U ~ M .  

As in [12] (after which Definition 5.1 is modeled) we can show that < is a 

partial order on normal ultrafilters. (In fact it is even well founded.) The 

following lemma is due to Solovay [17]. 

LEMMA 5.2. Let K be a supercompact cardinal K <= A and A C_ P(P~(A)) then 

there exists a normal ultra]ilter U on P~(A) such that A E VP"t*>/U. (We do not 

distinguish between Ve.t~)/U and its transitive isomorph.) 

Using Lemma 5.2 and given a nondecreasing sequence of ordinals (A. I s < p) 

K which is a supercompact cardinal and p < A0, we can find an increasing 

sequence of normal ultrafilters U0 < U~ < U2 . . . .  < U~ < . . . .  (a < p) where 

U~ is a normal ultrafilter on P.(A~). We simply construct the sequence by 

induction using Lemma 5.2. We note that given =< A ultrafiiters, each of which is 

an ultrafilter on P~ (/z) for some /z = A, we can easily code the sequence as a 

subset of P(P, (A)). This last argument together with [21] shows the existence of 

a Cohen extension of M, V (which from now on will be our ground model) in 

which 

(a) 2=K+~', 

(b) there exists an < increasing sequence (U,~ I s  < p) where U~ is a normal 

ultrafilter on P~(K+"~), where the sequence (6~ I s  < p) is the additive partition 

of /3 fixed above. 

We need a few more observations and notations before we can describe the 

forcing conditions. Let U be a normal ultrafilter on P~ (A) for some ordinal A. 

The transitive isomorph of VP,~*~/U is My. For every ordinal s _-< 6 define 

s :  P~(A)---> K by s ( P ) =  o t p ( P  n s ) .  (No confusion can possibly arise from 

denoting the function and the ordinal by the same name.) It is well known that 

the function a represents in the ultrapower V~c*~/U exactly the ordinal s (see 

[17] or [11]). Therefore  if 0 < U (which means that 0 E My), where 0 is a 
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normal ultrafilter on P~(a) for a =<h, there is a function in V P-(*) which 

represents U. Let F(U,  0 )  be this function. Clearly the domain of F is P~ (h) and 

since Mu ~ t)  is a normal ultrafilter on PK(a), then by Eos Theorem ([10]) 

V ( U, 0 )  = {S [ S E P~ (h), F(U,  t)) (S) is a normal ultrafilter on PK(s)(a (S))} E U. 

Since a(S) is the order type of S n a, then if F(U,  U) (S)  is a normal ultrafilter 

on P~(s)(a(S)), it naturally induces an equivalent normal ultrafilter on 

P~(s~(S N a). Note that P~(s~(S n a) is simply {Q [ Q E P~(a), Q c S}. Denote  

this equivalent normal ultrafilter by F(U, (J)(S). 
Let U be a third ultrafilter which is a normal ultrafilter on P.(a') where a '  _-_6 a 

and 6 < U. It is easy to check that [~ E My (it amounts to the statement that < 

is transitive), as well as F((J, (J)~ My. Also it can be verified that 

My ~ 6 < l), 6 is represented in M"~("~/O by [ ' (D, 6 ) .  

Remember  that F(U,  U) (S)  and ie(U, U) (S)  are naturally isomorphic to 

F(U, U)(S) and F(U,  U) (S)  respectively. Moreover, F(I) ,  U) as a member  in 

Mu is represented (at least up to a set in U) in V".c")/U by the function 

f ( S ) =  F((], 6)[ PK,s,(S N a). 
In view of kos  Theorem we get that D(U, U, U ) E  U, where D(U, (], U) is 

the set of all S ~ P.(A) such that 

(a) Z(V, 6)(S) < F(U, U)(S), S @ D(U, U) n D(U, []), 
(b) F(U, 6)(S) is represented in V"~sn~')/F(U, (-])(S) by the function 

F(U,  [~)[P~ts)(S D a).  Note also that if A C P~(a) then A ~ 0 if and only if 

{S [ A n P~(s)(S N a)E F(U, U ) ( S ) } ~  U. 

Let us go back to our sequence U0< U , <  -. �9 < U~ < -. �9 (a < p). For 

< p define 

D,~ = n D(U,. U.~)N n D(U., U,,, U~)G 

{PK E P.(K+8")I K N P is an inaccessible cardinal, which is ~r o t p ( P ) =  

(P n K)+'-}, 

Do E U. (We use the remarks above and Lemma 1.1.) 

DEFINITION 5.2. The set of forcing conditions P is the set of all tuples of the 

form 

~r = (F, Po,,- .  ",P~.,fo, f,~,'",f~.,(Ao I ~ ~ p - F ) , ( G ~  l a  E p - r ) )  

where 
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(a) F is a fn i te  subset of p, 0 E  F and c~0 = 0 <  a, < �9 .. < a,  is a monotone 

enumeration of the elements of F. 

(b) P~,~Do, for l<=i<=n, P,,,CP,,2C . . .  C P.,. 
(c) f,,ECoI(~,+,,K(P,,,)), f , , ~ C o l ( o t p ( P ) )  +, K(P.,+,)) for l<-_i<=n and 

f.~ E Col(otp(P. . )*,  K). 

(d) If a ,  < h E p -  F, A~ E U~, A, C_ D,. For every O in A~ Po. C O and 

f,  ~ Col(otp (P.~ K(O)). 

(e) If A E p - F ,  a < A < a i + ~  for some 0 = < i < n  then 

A~ E F(U, ..... U~)(Po,+,), A~ _C D,. For every O in A~ Po, C O and 

f~, E Col(otp (P~,) +, K (Q)). 

(f) G, is a function defined on A, such that: 

(1) If a , < A E p - F ,  G,(P)ECoI(otp(P)+,K) and if A < ~ / E p - F ,  

P C O E A,  then G~(P)E Col (o tp (P )  +, K(O)). 

(2) If a, < A < a~+, for some 0 _<- i < n then G, (P) E Col (otp (P)*, K (P.,.,)) 

and if A < "O < a~+,, P C O E A~ then G,(P)E Co l (o tp (P )  +, K(O)). 

The intuitive motivation to Definition 5.2 is very similar to the one given to 

Definition 2.1 or 4.1. See also [12]. We want our generic filter to generate p 

sequences cofinal in each of the cardinals K,K +',K+2, " ' ' , K  +~ respectively. 

(P~, [ a~ E F) is a finite approximation to a function from a to P.(K +8) such that 

when the whole function (P~ l a < p) is realized then (Sup (P f') K+')I a < p) is a 

cofinal sequence in K +" for every successor "q, such that ~ =< & A, is the set of 

possible candidates for being the A-th member of the sequence (P~ I a < p). 

Since the sequence should be increasing with respect to C ,  once we decided 

what is P~, and P,, .... if a~ < A < a~+~, P~ should satisfy P~, C P~ C P.,.,. Hence A~ 

is not required to be in U~ but in some "project ion"  of it to the set 

{0 I C) E P~(K+~*), O C P~,.,}. This projection is given by F(U~ .... U,)(P~,+,). 
The requirement P~, E Do, guarantees that these "project ions" cohere, namely 

F(U. .... U,)(P.,+,) is also the "projec t ion"  of F(U,, U,)(P,) to P~,., if r / <  ai+ 1. 

(This also applies to future P, 's , ,  namely for r / ~  F, hence the value of P, will be 

determined by some future condition.) fo, f~, , '" ,  f.. gives partial information 

about collapsing maps that eventually will make K to n 0. G~(P) is a partial 

information about f~ which we must use if we decide to use P as the A-th 

member of the sequence. We omit the definition of the order relation on ~. 

As in [12] and in w we can show that a V generic filter over ~ generates a 

sequence (P, [A < p) such that (Sup(n  A K*~)[a < p ) i scof ina l in  K +" for every 

successor r t, ~ =< 6. Hence, since every cardinal below K *~ and above K is either 

successor or a singular cardinal we get that K *" ('O --< 6) are all collapsed to K. 
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Since we want to find what happens below K, we need the definitions of A-direct 

extension, A-length preserving extension and A-interpolant for A < p. 

DEFINmON 5.3. Let rr be as in Definition 5.2, A < p. Then r (the 

restriction of rr to A) is 

( r  n A,P~,, . . . ,P~, , , f , , , . . . , f~,  , , (A ,  IT/<A, r / E F ) ,  (G,  I t / < A ,  r/ EF)) ,  

where j is the minimal such that A-_< oh, if there exists such o h otherwise 

j = n + l .  

(Note that if A < o~j for some aj then we have less than K possible restrictions for 

A of extensions of rr.) 

DEFINITION 5.4. Let  

f,,, . . . ,& (/3, In (H, fn 
tr, A as before. r =< ~-'. then ~" is a A-direct extension of ~- if 

(a) For all /3, E F ' -  (F U (~), f0, = Go, (G,).  

(b) For T1E p - F' and /3, < ~, A <= ~l < p then B,  = {O l O ~ A, ,  P~, G O}. 

(c) For r / E  p - F', A _-< T/, /3j < r/ </3j+, for some 1 _-< j ~ 1, 

B, = { Q I Q E A , ,  Po, G O G Po~+,}. 

(d) F o r n C p - r ' , A < - - n , H , = G ,  rB,. 

DEFINITION 5.5. Let r ~r', A be as in Definition 5.4, r =< rr' ~r is a A-length 

preserving extension of 7r if 

(a) F = F', 

(b) 1r [A = r 

The A -interpolant of ~r and 7r' if 7r _-< w' is defined as in w Once we made these 

definitions, Lemma 2.5, Theorem 2.6 and Corollary 2.9 go through (replace/'  by 

A) with the obvious modification. For instance, in Corollary 2.9 change 

/x N K[ (k-') to/x =< otp (P,).  Some additional arguments are needed in the proofs. 

Since they do not amount to more than the merging of the arguments in [12] and 

the proofs in w we omit further details. 

For A < p  define ~ ,  as { r r [ A I T r E Y ' }  and for G_C~,  G I A  is 

{rr r A 17r E G}. If G was V generic over ~, G I A is generic over ~,. Note that it 

is not true here that G [ A is isomorphic to a finite product of collapses as was the 

case in w but Theorem 3.2 still holds if we replace j by A. Using this we are able 

to show that no cardinal below A is collapsed unless we specifically introduce 

conditions for collapsing it via some Col (a, r/). Similarly we can show that no 
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new subsets of/3 are introduced, and that K is a strong limit cardinal. We have to 

check that K is ~ in the extension. 

Note that below K (P,) we left /z + 1 cardinals, and the set of cardinals ~7 such 

that K(P~)<<-~7<K(P~+,) has order type & + l ,  hence K is N~ where ,7= 

+ 1 + E~<,(6, + 1). We have to show: 

LEMMA 5.6. Under the conditions of Theorem 2, r I =/3. 

PROOF. /x + E,<o 8, is by assumption /3. An easy exercise in ordinal arithme- 

tic will show that since p is a limit ordinal, ~ + E~<, & = (~ + 1) + X~<~(& + 1). 
[]  

Again the model V[G] is not our final model. Let (F~la <p> be the 

sequences of the collapsing maps generated by the generic filter. Let V0 be 

V[(K(P,,)I a < p), (Fola < p>]. Clearly in Vo, K is ~ and it is a sirong limit 

cardinal. Also 2" > K +" (K *" in the sense of V). We finish this sketch of the 

proof of Theorem 2 by showing that for r/=< % K +~ is a cardinal in Vo. Assume 

otherwise. Let K +* be the first among {K*7 I ,7 =< 3'} which is not a cardinal in Vo. 

A is of course a successor ordinal, since the limit of cardinals is a cardinal. 

Therefore  in V0 it should be singular. Let ,7 be its cofinality in Vo. If r / <  K then 

arguments similar to those we had in w yield a contradiction. If K =< r/ then 

'7 = K ** for some 4, < h, and since ,7 has to be regular in V0 (and r is not), 4, is a 

successor ordinal, 4, < h. Let V~ be V[(P~ fq K** l a < l), (F~ l a < p)]. In V 1 all 

the cardinals _-< K ** are collapsed, hence the cofinality of K *~ in VI is less than K. 

Once again the argument of w applies, whe~e we use automorphisms of 

generated by permutations of K +* which are constant on K § In the argument 

we have to find the cardinality of P,(K+*). Solovay [24] gives the answer: Since 

K** is regular (4' is a successor ordinal) and K is K** supercompact we get that 

IP~(K+')I= K +' [] 

This completes the proof of Theorem 2. 

REFERENCES 

1. L. Bukovsky, The continuum problem and the powers o[ alephs. Comment. Math. Univ. 
Carolinae 6 (1965), 181-197. 

2. P. J. Cohen, The independence o[ the continuum hypothesis, Proc. Nat. Acad. Sci. U.S.A. 50 
(1963), 1143-1148; 51 (1964), 105-110. 

3. K. Devlin and R. Jensen, Marginalia to a Theorem of Silver, to appear. 
4. W. B. Easton, Powers of regular cardinals, Ann. Math. Logic 1 (t970), 139-178. 
5. F. Galvin and A. Hajnal, Inequalities for cardinal powers, Ann. of Math. 101 (1971), 491-498. 
6. T. J. Jech, Lectures in Set Theory with Particular Emphasis on the Method of Forcing, Lecture 

Notes in Mathematics No. 217, Berlin, 1971, 137 pp. 



Vol. 28, 1977 SINGULAR CARDINALS 31 

12. 
13. 
14. 
15. 
16. 

5-52. 

7. T. J. Jech, Properties of the gimel function and classification of singular cardinals, Fund. Math. 
81 (1974), 57-64. 

8. H. J. Keisler and A. Tarski, From accessible to inaccessible cardinals, Fund. Math. 53 (1964), 
225-308; corrections 57 (1965), 119. 

9. A. Levy and R. M. Solovay, Measurable cardinals and the continuum hypothesis, Israel J. 
Math. 5 (1967), 234-248. 

10. J. Eos, Quelques remarques, thdor~mes et probl~mes sur les classes d~finissables d'alg~bres in 
Mathematical Interpretations of Formal Systems, Amsterdam, 1955, 98-113. 

11. M. Magidor, There are many normal ultrafilters corresponding to a supercompact cardinal, 
Israel J. Math. 9 (1971), 186-192. 

M. Magidor, Changing cofinality of cardinals, to appear in Fund. Math. 
M. Magidor, On the singular cardinals problem II, in preparation. 
T. K. Menas, On Strong Compactness and Supercompactness, Ph.D. Thesis, Berkeley, 1973. 
T. K. Menas, A partition property of P~A, to appear. 
K. Prikry, Changing measurable into accessible cardinals, Dissertationes Math. 68 (1970), 

17." A. Kanamori, W. N. Reinhardt and R. M. Solovay, Strong axioms of infinity and elementary 
embeddings, to appear in Ann. Math. Logic. 

18. F. Rowbottom, Some strong axioms of infinity incompatible with the axiom of constructibility, 
Ann. Math. Logic 3 (1971), 1-44. 

19. D. Scott, Measurable cardinals and constructible sets, Bull. Acad. Polon. Sci. 9 (1961), 
521-524. 

20. J. R. Shoenfield, Unramifiedforcing in "Axiomatic Set Theory", in Proceedi~ags of Symposia 
in Pure Math., Vol. 13 (D. Scott, ed.), Providence, R.I., 1971, 351-382. 

21. J. Silver, G.C.H. and large cardinals, to appear. 
22. J. Silver, On the singular cardinals problem, to appear in Proceedings of the International 

Congress of Mathematics, Vancouver, 1974. 
23. R. M. Solovay, A model of set theory in which every set of reals is Lebesgue measurable, Ann. 

of Math. 92 (1970), 1-56. 
24. R. M. Solovay, Strongly compact cardinals and the G.C.H., Proceedings of the Tarski 

Symposium, Proceedings of Symposia in Pure Mathematics, Volume XXV, Providence, 1974, 
365-372. 

DEPARTMENT OF MATHEMATICS 
BEN GURION UNIVERSITY OF THE NEGEV 

BE'ER SHEVA, ISRAEL 


